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Abstract

The tautological ring of the moduli space of curves is the ring generated
by algebraic cycles of geometric origin. While it has been well-studied, its
structure is not yet completely understood : There is an explicit set of gen-
erators but the set of relations between them is still not known. Recently,
A. Pixton has given a computationally well-tested conjectural description of
this set.

This thesis contains an introduction to the moduli space of curves and
its tautological ring, as well as three papers which provide evidence for the
conjecture of Pixton. The first gives a proof that the elements of Pixton’s
set are actual relations. In cohomology, this result had already previously
been obtained by Pandharipande-Pixton-Zvonkine with an at first sight very
different method of proof.

The second paper notes that the method proof employed in the first pa-
per can actually be interpreted as a careful study of the Givental-Teleman
classification of cohomological field theories, like it is done in the work of
Pandharipande-Pixton-Zvonkine, but in the context of a different example.
The main part of the paper is a comparison of the relations obtained from co-
homological field theories in the examples of the equivariant Gromov-Witten
theory of projective spaces and of Witten’s r-spin class.

The third paper shows that the method of producing tautological rela-
tions by studying the Givental-Teleman classification for any cohomological
field theory will only yield relations inside Pixton’s set. This shows that Pix-
ton’s relations have a universal character and gives further evidence for his
conjecture.



Résumé

[’anneau tautologique de I'espace de modules des courbes algébriques est
I’anneau engendré par des classes de cycles algébriques construites de facon
géométrique. Tandis qu’il a fait I'objet de tres nombreux travaux, sa structure
n’est pas completement connue. En effet, ’anneau tautologique possede une
partie génératrice mais la totalité de ses relations n’est pas encore connue.
Récemment, A. Pixton a donné une description conjecturale des relations
en question et il est a noter que cette conjecture est computationnellement
vérifiée dans de nombreux cas.

Cette these contient une introduction a ’espace de modules des courbes
et a I'anneau tautologique ainsi que trois prépublications concernant les con-
jectures de Pixton. Dans la premiere prépublication, nous démontrerons que
les éléments de I’ensemble de Pixton sont de vraies relations. En cohomolo-
gie, ce résultat a déja été obtenu par Pandharipande-Pixton-Zvonkine par
des méthodes a premiere vue tres différentes.

Dans la deuxieme prépublication, nous noterons que nos méthodes pour
obtenir des relations sont essentiellement identiques aux méthodes utilisées
par Pandharipande-Pixton-Zvonkine. Comme ces derniers, nous étudions la
classification des théories cohomologiques des champs de Givental-Teleman
a la différence pres que nous considérerons des exemples différents. De plus,
nous comparerons les relations obtenues par la théorie cohomologique des
champs dans le cas de la théorie équivariante de Gromov-Witten de 1’espace
projectif avec celles obtenues dans le cas de la classe r-spin de Witten.

Dans la troisieme prépublication, nous verrons que les relations obtenues
grace a la classification de Givental-Teleman sont contenues dans l’ensemble
de Pixton et ce pour toute théorie cohomologique des champs. Les relations
de Pixton ont par conséquent un charactere universel, ce qui tend a confirmer
la conjecture du méme nom.
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Part 1
Introduction

1 Algebraic curves and their moduli

We give a short informal introduction to the moduli space of curves. For
a reference on the subject refer for example to the book [24].

1.1 Smooth curves

Let us consider the problem of classifying smooth (connected) algebraic
curves C' of genus g up to isomorphism or equivalently classifying isomor-
phism classes of compact Riemann surfaces of genus ¢ or, also equivalently,
classifying complex structures on a compact, orientable surface of genus g.

For example we could try to find an assignment which maps any isomor-
phism class to a collection of complex numbers, which uniquely determine
the isomorphism class. The image X of such an assignment in complex affine
space would give us a geometric object such that every isomorphism class of
algebraic curves of genus ¢ corresponds to a point on X. We should better
assume that the assignment varies nicely when deforming the curves so that
X does not only record the cardinality of the set of isomorphism classes.

This notion is captured by the definition of a fine moduli scheme. A
scheme M, is a fine moduli space for the moduli problem of “smooth algebraic
curves of genus g up to isomorphism” if there exists a universal family C, —
M, of smooth algebraic curves of genus g over M, such that for any base
scheme S and any family C' — S of smooth algebraic curves of genus g there
exists a map f : .S — M, such that the family C' is isomorphic to the pull-
back of the universal family C,. Taking in this definition S to be a point,
we see that the fiber of Cy over a point of M, which corresponds to an
isomorphism class [C] of algebraic curves, is isomorphic to C'.

It turns out that such a moduli scheme cannot exist in general. The
main problem is that there exist non-trivial families of algebraic curves such
that each fiber is isomorphic to a fixed algebraic curve with a non-trivial
automorphism group. On the other hand, if one does not restrict one’s
search of a fine moduli space to schemes, for ¢ > 2 one can construct a fine
moduli stack M, which is a smooth Deligne-Mumford stack (or also an (in
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general ineffective) orbifold). As a note to the reader unfamiliar with stacks
or orbifolds we need to remark though that the fact that M, is not a scheme
will not play much of a role in this thesis. Being a Deligne-Mumford stack
means that M, is still quite close to being a scheme.

A first natural question about the moduli space M, is its dimension. This
was already answered in 19th century with a parameter count of Riemann:

dlm(c(Mg) = 3g — 3.

1.2 Compactification

While the moduli space M, is smooth, it is not proper (compact): It is
easy to construct families of algebraic curves over the projective line, which
degenerate to a singular curve. In order to obtain a compact moduli space,
an idea is to add points to the moduli space corresponding to some of these
singular objects. For this it will first be useful to generalize the moduli
problem in another direction:

For 2g — 2 +n > 0 there exists a smooth Deligne-Mumford stack M,,
which is a fine moduli stack for the problem of classifying isomorphism
classes of smooth algebraic curves of genus g together with n pairwise disjoint
markings, labeled (usually) by the set {1,...,n}. It has complex dimension
39 — 3 +n.

Next, for the compact moduli space we also need to consider nodal curves,
i.e. algebraic curves such that each point is either smooth or étale locally
looks like a coordinate cross {xy = 0}. Marked curves arise when we consider
the normalization C of C together with the preimages of the nodes. Then the
normalization map C — C can be visualized as gluing the smooth (possibly
disconnected) algebraic curve C along marked points.

Now we can go to the compactification: For 2g — 2 +n > 0 there is a
smooth, proper Deligne-Mumford (fine) moduli stack M, of stable, con-
nected nodal curves of arithmetic genus g together with n labeled markings,
which are pairwise disjoint and also disjoint from the nodes. Stability means
that for every nodal curve C' and any connected component D of the nor-
malization C' the condition 2gp — 2 +np > 0 should hold, where gp is the
genus of the component and np is the number of preimages of markings and
nodes on D.

For low values of g and n the space Mg,n can be made very concrete. For
example M 3 is a point because for 3 distinct points on the Riemann sphere
there exists exactly one linear fractional transformation sending them to 0,



Figure 1: The elements of M4\ Moy

1 and oo. The moduli space MOA is isomorphic to P': The part where all
four points are distinct is isomorphic to P!\ {0, 1, 00} since we can map the
first three points to 0, 1 and oo and consider the image of the fourth point.
The three missing points of P! correspond to the three marked nodal curves
illustrated in Figure

By the universal property there exists a universal family ég’n — Mg’n
of stable curves. Here the space Ggm is called the wuniversal curve. The

markings define n sections for the map C,,, — Hgﬂ: The ith section sends
the class of a marked curve (C,py,...,p,) to the point p; on the fiber over

(C7p17 s 7]%)

1.3 Boundary

The moduli space M, , is an open subset inside M, and it is interesting
to study its boundary Mgm \ M,,. It turns out to have a very explicit de-
scription in terms of moduli spaces of curves with smaller genus or markings.

Consider any stable nodal curve C' together with the map f from its
normalization C. From here we can attach discrete data to the moduli point
[C] € M, by recording for all connected components of C, the genus, what
markings lie on it and how the components are glued together. This data
can be collected into what is called a dual graph: We draw a vertex for any
connected component of C' and decorate it by the genus. For every node of
C we draw an edge connecting the vertices corresponding to the components
containing the two preimages of the node. Therefore there can be multiple
edges or self-edges. Finally for every marking of C'; we draw a labeled half-
edge. A simple example is illustrated in Figure [2]

It is often useful to think of each edge of a dual graph to be glued from two
half-edges. For example, in many formulas we will use the number of auto-
morphisms of the dual graph thought of in this way. For the dual graph with
only one vertex and one loop there is exactly one non-trivial automorphism,
which exchanges the two half-edges of the loop.



Figure 2: Example of a stable curve and its dual graph
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The locus in M, of curves corresponding to a fixed dual graph is locally
closed and therefore these loci define a stratification of M.

The closure of any stratum is essentially a product of smaller moduli
spaces of curves. More precisely, given a dual graph I' and for every vertex
v of T an element (C,pi,...,pn,) € Mgy, n,, Where g, is the genus at v and
n, is the number of half-edges (corresponding to nodes and markings) at v,
we can glue the stable curves together along the markings. This works well
in families and we therefore obtain a map

HHW% — Mg,
v

This map is finite with degree equal to the number of automorphisms of T'.

Apart from the one-vertex no-loops dual graph corresponding to smooth
curves, the most simple dual graphs correspond to boundary divisors of Mg,n.
There are two possibilities: Either the dual graph has one vertex and one
loop or it has two vertices connected by an edge but no loops. The first case
corresponds to the closure of the locus of irreducible curves with a node. In
the second case there are several possibilities how the genus and markings
can be distributed among the two vertices. A generic element of the second
locus is a reducible curve obtained from two smooth curves with genus and
markings according to the graph by gluing along two additional markings.

Using dual graphs we can also define well-known partial compactifications
of M, in M,,. There is a sequence

My, C M}, C M, C Mg,

Here, “rt” and “ct” are abbreviations for “rational tails” and “compact type”,
respectively. A stable curve C' lies in M;"tn if the dual graph of C is a tree,
and one vertex has genus g while all the others have genus zero, i.e. are
rational. A stable curve C'is of compact type if its dual graph is a tree or
equivalently when the Jacobian of C' is compact.
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Figure 3: Forgetful maps in cases where stabilization is necessary

“
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1.4 Tautological maps

There is a big collection of canonical maps between moduli spaces of
stable curves, which are called tautological maps.

As we have already seen there are algebraic maps obtained from gluing
curves according to a dual graph. For divisors the gluing maps take the form

M917n1+1 X M927n2+1 _>M91+92,n1+n2>

Mg—l,n+2 _>Mg,n7

where in the first case the last markings of two stable curves are glued to-
gether and in the second case the two last markings of a stable curve are glued
together. Any more general gluing map can be constructed by composition
from these two basic types of gluing maps.

There is a second type of tautological map, called forgetful map, of the
form

Mg — Mg p,

which for most points of Mgmﬂ maps a marked curve to the same curve but
with the last marking forgotten. This definition does not work in the case
the marking that needs to be forgotten lies on a Riemann sphere with only 3
special points, i.e. nodes or markings, since after forgetting the marking the
curve would no longer satisfy the stability condition. To fix the definition,
the curve has to be stabilized after the point has been forgotten, i.e. the
unstable components need to be contracted, as illustrated in Figure [I.4]
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2 Definition of the tautological ring

2.1 Tautological classes
As Mumford remarks in [37]:

“Whenever a variety or topological space is defined by some uni-
versal property, one expects that by virtue of its defining prop-
erty, it possesses certain cohomology classes called tautological
classes.”

His main motivating example is the Grassmannian Gr(k, n) of k-planes in
C". In this case it is natural to consider the tautological bundle E of Gr(k,n),
which is of rank k. The Chern classes of E define classes in the cohomology
and Chow ring and should be counted as tautological. It happens that for the
Grassmannian that these classes are already enough to generate the complete
cohomology and Chow ring.

With [37], Mumford has started the study of tautological classes in the
rational Chow and cohomology ring of Mg. Here the universal object is the
universal curve 69 over Mg. Since 69 is not a vector bundle over Mg we
cannot directly take Chern classes, however there are natural bundles over
C, we can use. The tautological classes that Mumford considered are known
as the k- and \-classes. We want to define them on Mgm whereas Mumford
had only considered Mg.

Over C,,, we can consider the dualizing sheaf w relative to the universal
family = : C,,, — M,,. We can also consider the log relative dualizing
sheaf wiog, which is defined from w by twisting along the divisors Dy, ..., D,
defined as the images of the n sections sq,...,s, of :

Wiog = W(Dl + -+ Dn)

We can now define

Ka = Ta(C1(Wiog) ™) € AY(M,,),
V= 85 (er(w)) € AH(My),
)\d = Cd(’/T*UJ) € Ad(Mg,n)‘

1. This is needed because of the stacky structure of M, ,. We will suppress the Q-
coefficients in the notation.
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The definition of k4 that we use has first appeared in [1]. Closely related
classes can be defined by replacing wi,e by w in the definition. Also notice
that kg = 29 — 2 + n because that is the degree of wioe. The rank g bundle
E := ¢4(m.w) in the definition of the A-classes is known as the Hodge bundle.

Mumford already realized that these tautological classes are not indepen-
dent. As an application of the Grothendieck-Riemann-Roch formula applied
to the morphism 7 he computed the total Chern character of the Hodge
bundle:

_ — (—=1)?Bgy1 - 1 P k)
ch(E) =1+ % S (—md + Zzlwf - % [ Aut(A)] " Y, + 1/12)

Here the last sum is over isomorphism classes of dual graphs A of boundary
divisors, ia is the corresponding gluing map and 1, and v, stand for the -
classes at the two markings which are glued together. The B, are Bernoulli
numbers, which are defined by the generating series

Because the Chern characters and the total Chern class are in general
related via

3" cu(E) = exp <Z<—1>“<d —1- chdaE:)) ,

d=1

Mumford’s formula implies that the A-classes can be expressed in terms of
k-, Y- and boundary classes.

Boundary classes as in Mumford’s formula which are obtained from tau-
tological classes via push-forward along the gluing maps are also considered
as tautological.

2.2 The tautological ring

A natural question to ask is whether as for the Grassmannian all the Chow
and cohomology classes of M,, can be expressed in terms of tautological

classes. Unfortunately this is not true, there exist non-tautological classes
[20, [15].
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Still we can define a subring of the Chow ring of Mg,n as the ring generated
by all k-, -, A-classes and classes obtained from them by push-forward along
the gluing maps. This subring

R (M) C A" (M)

is called the tautological ring. A very compact definition is given in [14]:
The system of tautological rings of the moduli space of curves is the
smallest system of subrings R*(M,,,) C A*(M,,) closed under push-forward
by the tautological gluing and forgetful maps.
Since rings and subrings include an identity element, this definition at
least does not produce the empty set. Furthermore, by using the self-
intersection formula and the deformation theory of stable curves, the class

1; can be written as
ﬂ-*(_]*(1>2)7

where here 7 : MWH — Hgm is the forgetful map, j : Wgyn XMO,g — Mgmﬂ
is a gluing map and 1 is the identity. We still need to say that for j we put
the markings ¢ and n+1 on the rational component and all other markings at
the genus g component. From the 1)-classes we can also construct x-classes
via

T (Vi) = Kay (1)

and A-classes can then be obtained via Mumford’s formula.

In fact, there is a (finite) generating set for R*(M,,,) as first explicitly
written down in [20]. The generators correspond to dual graphs together
with for each vertex v the decoration of a monomial M, in formal - and
r~classes of Mg(v),n(v). If 7 is the gluing map corresponding to the dual graph,
the corresponding element of the generating set is given by

Ju (H Mv> :

where here the formal monomials are evaluated at the usual - and x-classes.

By restriction we can also define tautological rings R*(M,,), R*(M;",)
and R*(M',). From the above set of generators we see that the tautological
ring of R*(M,) is generated by x-classes. Also we can define the tautological
ring RH* in cohomology analogously as in Chow.

14



2.3 Why?

It is very natural to ask why it is useful to study the tautological ring
instead of the whole Chow or cohomology ring.

First, in low genus all classes turn out to be tautological: By results of
Keel [29], in genus zero there are isomorphisms

R*(My,,) & A*(My,,) = H*(My,,) = RH*(M,,).

In genus one by results first announced by Getzler [16] and finally worked
out by Petersen [42], the tautological ring in cohomology is still isomorphic
to the even cohomology of Mlm. However already in this case for large
enough n there exist odd cohomology classes which cannot be tautological
by definition, and also the Chow ring will not be finitely generated.

The main reason for considering the tautological ring is that in most
applications we use Mg,n because of its universal property and not just as
an arbitrary space. Therefore when in an application a Chow or cohomol-
ogy class is produced in Hgﬂ it is very likely to lie in the tautological ring.
Knowledge about the tautological ring might help us with obtaining an ex-
plicit formula for this class or with comparing it to similar classes. In turn,
as we will see in the next section, writing a class in terms of tautological
generators is useful for intersection number computations.

Another reason why it is natural to study the tautological ring is Mum-
ford’s conjecture, which is now proven by Madsen-Weiss [33]. The statement
of the conjecture is that the stable rational cohomology of M, as g — oo is
isomorphic to

Q[Kl,ﬁg,...]. (2)

We do not want to make this precise here, but morally the conjecture implies
that non-tautological classes are an unstable phenomenon, i.e. they don’t
come in canonical families for ¢ — oco. Mumford’s conjecture also implies
that relations between tautological classes are unstable as g — oo.

3 Intersection numbers

Using intersection theory we can produce easier to understand objects
from tautological classes: rational numbers

A class a in A3973¥"(M,,,) is just a finite collection of points with rational
coefficients. Adding up the coefficients we obtain a rational number denoted

15
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and called intersection number or integral. For this definition it was impor-
tant that Mg,n is proper since we have actually taken the proper push-forward
along the map from Hg,n to a point.

For the moduli spaces M;", and M}’ (g > 0) we cannot directly integrate.
Still we can try to use the inclusions M, M}, C M, and integration on
Mgﬁn. Here the classes A\, and AjA,_; are useful. The class A, has the
property that it vanishes on the complement of MgCtn in Mg,ny and AgAg_1
even vanishes on the complement of M}’ . So given a € R*¥73+"*(M ) or
o € RI7*(M]")) we can choose any extension & to R* (M,,,) and still obtain
well-defined integrals

/ a), € Q, / argAg_1 € Q,

Mg n Mg n

respectively.

By the formula of Mumford A\, and A;_; can be expressed in terms of
other k-, ©- and boundary classes. In turn by using a generalization of
the k-classes can be expressed in terms of ¢)-classes. This essentially implies
that all integrals of tautological classes can be expressed in terms of the basic
integrals

AR o (3)
Mgy.n
where the k; add up to 3g — 3 + n.

Motivated from physics (2-dimensional quantum gravity) Witten pro-
posed a conjecture [51], which makes it possible to compute all the inter-
section numbers . They are put into a generating series

1 k1 kn, tg (31
F= Z o Z - 2/}1"'¢ntkltkz"'tkn_€+ﬂ+"'
g,n>0 k1,..skm g,m
2g—2+n>0 S ki=3g—3+n
in infinitely many variables g, t;,.... Witten’s conjecture then says that

exp F' is a 7-function for the KdV hierarchy. This means that F' satisfies
a system of infinitely many partial differential equations, which turn out to

16



give enough information about F' to recursively determine all coefficients of
F' and therefore the intersection numbers.

A first proof of Witten’s conjecture has been given by Kontsevich [30]
using a cellular decomposition of the moduli space obtained using Jenkins-
Strebel differentials. From this he obtains a formula for certain specializa-
tions of exp F' as a sum over ribbon graphs, which he interprets as certain
N x N-matrix integrals. He deduces that exp F' must be a 7-function for the
KdV hierarchy. The occurring matrix integral is an asymptotic expansion of
a matrix generalization of the Airy function

Ai(z) = /0 " cos (g + xt) dr. (@)

By now there are many other proofs of Witten’s conjecture. See for
example 35, |28, |38].

4 Faber’s conjectures

4.1 The conjectures

In [9] Carel Faber has proposed a remarkable series of conjectures con-
cerning the structure of the tautological rings R*(M,). Shortly afterwards
similar conjectures about R*(M*), R*(M¢)) and R*(M,,) have been made
[13, [10]. We will review here these conjectures together.

The first part of the conjectures says that each tautological ring is a
Gorenstein Q-algebra with socle in codimension

L. N=g—2+n—dy, for Mj",,
2. N =2g—3+n for M, and
3. N=3g—3+nfor M,,.

Here a graded Q-algebra A* is Gorenstein with socle in degree N if
1. for all k > N the vector space A* is trivial (vanishing),
2. there exists an isomorphism AY =2 Q (socle) and

3. this isomorphism together with the intersection product defines a per-
fect pairing
AR ANTE 5 AN = Q

for 0 < k < N (perfect pairing).

17



So the conjecture says that each tautological ring behaves like the rational
cohomology ring of a compact manifold of dimension 2/, in that it satisfies
Poincaré duality.

The isomorphism between the socle and Q is given by the integrals on
M, ., discussed in the previous section.

The second conjecture of Faber says that R*(M,), which as we have
already seen is the ring generated by the k-classes, is already generated by
K1,...,K|g/3 and that there are no relations between these classes in degree

The third conjecture of Faber gives an explicit formula for the integrals
of 1-classes against A\gA,_i:

% A (29 —3+n)l(2g — 1)!!
1o AN, =
Ty h Yn" AgAg-1 (29 — DT, (2K — D) Jgz,

where Y k; = g — 2 + n. This conjecture is now known as the A jA,_;-
conjecture. Getzler-Pandharipande have found in [17] a similar A,-conjecture
using the degree zero Virasoro conjecture [8]:

29 —34+n _
e (),

for > k; = 29 — 3 + n. The integrals remaining on the right hand side of
the Ag- and A\jA,_i-conjecture have been explicitly evaluated by Faber and
Pandharipande [9, |11].

The Faber conjectures give an explicit description of the tautological ring
as the Gorenstein quotient, i.e. the ring obtained from a formal polynomial
ring in the generators by quotienting out the ideal of all formal homogeneous
classes x which pair to zero with any class y of opposite degree. Since we
have an explicit description of the set of generators and we can compute any
integral of tautological classes, this gives a conjectural presentation of the
tautological ring in terms of generators and relations.

Faber found his conjectures by developing an algorithm which finds in-
finitely many relations in the tautological ring of M,. If one assumes that
the relations obtained from the algorithm are random inside the space of
all relations, sufficiently many of these relations should span the space of
all relations with high probability. If the quotient of the polynomial ring of
formal k-classes by these relations becomes Gorenstein, one can stop because
any relation pairs to zero with any class and therefore has to be zero in a
Gorenstein ring.

1/}?71)‘g>\g—17 (5)

Mgn Mg
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4.2 Current status

By now most of Faber’s conjectures have been proven. Let us walk
through them in the opposite way that we have presented them.

In [17] it has already been shown that the A,- and A\ A\,_i1-conjectures
follow from the Virasoro conjecture for P! and P? respectively. Later Givental
proved the Virasoro conjecture for projective spaces [18], thus completing the
proof of the integral conjectures. The Aj-conjecture had already been proven
earlier in [12] via a localization computation for P!.

To prove the generation result it is necessary to find relations between
k-classes which express #; for 7 > | 2] in terms of polynomials of lower degree
r~classes. The first proof of the conjecture in cohomology is given by Morita
in [36] using representation theory of the symplectic group. In Chow, the
first proof of was found by Ionel in [26]. She obtains the necessary relations
by an geometric argument using the locus of d-gonal curves in M,.

The result that there are no relations between k-classes in degree < [£]
is known as Harer stability since already before Faber’s conjectures Harer
proved a weaker result [23] in this direction. The statement necessary for
Faber’s conjecture has been proven by Boldsen in [3].

The most interesting part about Faber’s conjecture is the Gorenstein
property. The vanishing and socle part of the conjecture are now known in
all cases. In [32] it is proven that R*(M,) vanishes above degree g — 2 and
is at most one-dimensional in degree g — 2. By showing that the integral of
is not zero Faber completed in [9] proof of the socle part for M,. The
work [22] shows the socle statement for M,,, and in [14] uniform proofs for
all vanishing and socle statements are given.

Given that the vanishing and socle part of the Gorenstein conjecture are
known, proving the perfect pairing conjecture amounts to showing that the
tautological ring is isomorphic to the Gorenstein quotient and not to a proper
quotient of it.

As we have already noted, in genus zero and genus one the tautological
ring of Mgm coincides with the even cohomology ring and therefore Poincaré
duality implies the Gorenstein conjecture. By results [48|, 49| of Tavakol it is
also known that R*(M{")) and R*(M3",) are Gorenstein.

By Faber’s computations it is also known that R*(/,) is Gorenstein for
g < 23. However in genus 24, unless the “random” hundreds of relations
computed by Faber span only a proper vector subspace of the space of rela-
tions, the ring R*(Ma4) has to coincide with the Gorenstein quotient except
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in degree 12, where dim R'(My,) = 37 in contrast to dim R'%(Myy) = 36.
Other methods of producing relations as in [47] or [52] also did not find the
“missing relation” in degree 12. Yin also studies the rings R*(M, ) and finds
that they are Gorenstein for ¢ < 19, but did not find enough relations for
g = 20.

With these results doubts about the validity of the Gorenstein conjecture
began to arise and the following conjectures contradicting the Gorenstein
conjecture were made: Pandharipande conjectured that in all relations for
M, can be expressed in terms of Faber-Zagier relations (see the next sec-
tion). Furthermore, Yin conjectured that for M, all relations are of motivic
nature. The conjecture of Pixton we discuss below is also in contradiction
to the Gorenstein conjecture. For M, and M, all hope for the Goren-
stein conjecture was completely lost with the genus 2 counterexamples of
Petersen-Tommasi [43], 44].

Faber’s conjectures do not make any statement about Mg, for n > 2.
Here in fact, by results [5] of Buryak-Shadrin-Zvonkine, the tautological ring
does not have a one-dimensional socle. Instead the classes /9", ..., Y91 gen-
erate the n-dimensional vector space R9~1(M, ). The vanishing R'(M,,) =
0 for ¢ > ¢ had already been shown earlier by Ionel in [27].

5 Relations

5.1 of Faber-Zagier

Faber’s algorithm for relations in R*(M,) produced in all examples a
unique relation in degree d for g = 3d+ 1. In 2000, after many computer cal-
culations and with a lot of guesswork, he together with Zagier conjectured
a general formula for this relation as well as an explicit set of polynomi-
als in k-classes that all other relations found in the calculations are linear
combinations of. The hypergeometric series

= (6i)!
Al =2 B2

=0

= (6i)! 6i+1
B = ; (35)!()21')! 6i—1

play an important role in their formulation. The conjectural relations are
parametrized by a non-negative integer r and a partition ¢ with no part
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equal to 2 modulo 3, such that g —1+|o| < 3r and g =r+|o|+1 (mod 2).
It takes some definitions to write down the relations:
Let

p= {p1,p37p4,p67177> .- }

be a collection of variables indexed by the positive integers not congruent to
2 modulo 3 and let ¥(¢, p) be the formal power series

t) Z t'psi + B(t) Z t'p3is1,
i=0 i=0

where py := 1. Define rational numbers Cy(0), for o any partition with parts
not congruent to 2 modulo 3, by the formula

log(¥ ZZCd )%,

where p? denotes pi'p5*py* - - - if o is the partition [1%13%34% ...]. Set
=30 Culony
o d=0

Then the t?p?-coefficient of exp(—7) is the Faber-Zagier relation for (d, o).
The unique degree d relation in R*(Ms441) can be obtained by taking o to
be the empty partition.

Faber-Zagier had already proved in 2002 that their conjectural relations
are at least relations on the level of the Gorenstein quotient, i.e. they pair to
zero with all classes of complementary codimension. However to my knowl-
edge [46] is the only place where to find a written down proof of this fact.

In [39] the first proof of the fact that these polynomials in x-classes are
actual tautological relations was presented. The proof uses the geometry
of the moduli space of stable quotients (see Section @ and analysis of the

generating series
Zoo = (=1)%¢’
) =2 M= ©)

which continues the analysis of the same series in [26].
The series A and B are fundamental to the tautological ring of M,. They
very directly give the coefficients of the unique lowest degree relations. After
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first being found by experimentally by Faber-Zagier, the series were derived
in different ways in [36, 26, 40]. As I noticed from [40], the series actually
appear directly in the asymptotic expansion of the Airy function and its first
derivative:

576
3 _3
Ai'(2) X400 \/T%xie‘gﬂ (—27;)

It is interesting to see the Airy function appearing naturally in the context
of the intersection numbers and the relations. See [4] for a survey of these
and similar appearances.

5.2 of Pixton

In 2012 Pixton was able to find relations [45] in the Gorenstein quotient
of M., which, in the case n = 0 and when restricted to the locus of smooth
curves, exactly recover the relations of Faber-Zagier. We do not write them
explicitly here, but just note that they have a contribution from each bound-
ary stratum which in turn is a product of component, marking and node
contributions. All the contributions are determined in terms of the series A
and B. Pixton’s relations behave well under push-forward and pull-back via
the tautological maps and all known explicit relations in the tautological ring
can be written in terms of his relations. He conjectured that his relations
are relations on the level of the tautological ring and that they are all of the
relations.

The first proof of the fact that they are relations in the tautological ring
in cohomology has been given by Pandharipande-Pixton-Zvonkine in [40].
We will give the idea of proof in Section [7] Paper A contains the first proof
in Chow.

See [46] for some computations showing the discrepancy between the tau-
tological ring according to Pixton’s conjecture and the Gorenstein quotient.
For example the first discrepancy for R*(M, ) is for g = 20 — exactly the
same place as where Yin was missing a relation. It is still very unclear how
to approach Pixton’s conjecture that his relations are all the tautological
relations.
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6 Stable maps and quotients

Gromov-Witten theory tries to study a space X (say a symplectic man-
ifold or a smooth variety) by studying in some sense the number of iso-
morphism classes of maps from curves C' to X satisfying some boundary
conditions. To X the deformation invariant Gromov- Witten invariants are
assigned. One of the first applications of Gromov-Witten theory was the
computation of the number of rational curves of degree d through 3d — 1
points of P? in generic position.

The moduli space underlying Gromov-Witten theory is Mgvn(X ,B), the
moduli space of stable maps f : C — X from nodal curves C of genus g with n
markings to X such that f([C]) has class f € Hy(X;Z). So the moduli space
parametrizes marked curves together with a map. As for curves, “stable”
means that each object (C, f) should only have finitely many automorphisms.
One feature of stable maps is that there can be contracted components, i.e.
some of the components of C' can be mapped to a point.

The moduli space M, (X, 3) is still a Deligne-Mumford stack and there
is a proper forgetful map v to Mgm. However Wg,n(X ,3) has components
of varying dimensions and is therefore far from being smooth. In particular
there are in general components of the moduli of higher dimension than the
“generic” component of stable maps contracting none of the components of
the domain curve. The dimension of the “generic” component

vdim = (dim(X) —3)(1 —g) + /cl(TX).
B
is known as the expected or virtual dimension. In [31] a program was pro-
posed to give an algebraic definition of Gromov-Witten invariants by con-
structing a cycle

[MQJL(X? B)]vir € Avdim(Mgm(X? ﬁ))

satisfying many axioms. Such a cycle is called a virtual fundamental class.
In 2] a suitable cycle was constructed.

Gromov-Witten invariants are defined via integration against the virtual
class. For the primary invariants, the only classes used in the integration are
cycle classes of X pulled-back via the evaluation maps ev; (i € {1,...,n}),
i.e. the map sending a stable map to the image of the ith marking to its image
in X. For descendent Gromov-Witten invariants, in addition cotangent line
classes at the markings of the source curve are allowed.
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In this thesis we will use Gromov-Witten theory to obtain information
about the moduli space of curves. Instead of directly computing intersection
numbers, which is equivalent to computing the push-forward with respect
to the forgetful map from M, (X, ) to a point, we can factor this process
into first performing the push-forward via v and then computing intersection
numbers on Mgm- In this thesis a main interest will lie in computing the
classes in M, obtained from the push-forward via v of classes of M, (X, 3)
capped against the virtual fundamental class. Because of its simplicity, the
main target X we consider will be P'. As in general for toric targets, the
method of virtual localization [21] makes it possible to compute all these
push-forwards explicitly.

To add some more detail, we will consider a non-trivial C*-action on P!,
which induces a C*-action on M, (P!, d). Here, d is an abbreviation for
the dth multiple of the fundamental class. By [21] the virtual fundamental
class splits into a sum of contributions from each fixed locus of M, (P!, d).
Each fixed locus is essentially a product of moduli spaces of curves and the
contributions can be expressed in terms of tautological classes.

In [39] and Paper A, the closely related moduli space of stable quotients
to P! is used. The idea is to replace maps f : C' — P! by the pull-back of
the universal sequence

0— Opi(—1) = Oz — Opi (1) = 0

via f. The moduli problem considers marked nodal curves C' together with
a quotient sequence
0-S—=0z—Q—0

such that S is a locally free sheaf of rank one and () is a coherent sheaf
locally free at the nodes and markings of C'. In addition a stability condition
is imposed. So whereas for a stable map the pull-back of Op:i(1) is a vector
bundle, @ is allowed to have torsion.

A suitable moduli space @gyn(]P’l, d) is constructed in [34] using Grothen-
dieck’s Quot-scheme. Here d stands for the degree of the quotient (). In
addition, in analogy with the moduli space of stable maps, a forgetful map
to the moduli space of curves, evaluation maps and a virtual fundamental
class are constructed. Furthermore, @g’n(]}”l, d) is birational to M, (P!, d),
there is a comparison map

¢: Myn(P',d) > Q,,(P',d)

24



and all analogously defined invariants or push-forwards to the moduli space of
curves coincide. The main reason why @, ,,(P*, d) is used in [39] is because in
a localization computation less fixed loci will need to be considered compared
to M, (P, d)

7 Cohomological field theories

The classes one obtains from the moduli space of stable maps via push-
forward along the forgetful map to the moduli space of curves satisfy many
properties, which follow from the properties of the virtual fundamental class.
The notion of a cohomological field theory [31] captures most of these.

Given a finite dimensional vector space V', a non-singular bilinear form n
and a vector 1, a cohomological field theory (CohFT) consists of a symmetric
multilinear form

Qgn € H (Myn) ® (V)"

for every g and n, satisfying some axioms, which basically say that the mul-
tilinear forms behave nicely with respect to pull-back via the gluing and
forgetful maps.

In the example of the Gromov-Witten theory of a smooth variety X
(assuming for simplicity that X has no odd cohomology) the vector space V'
is the cohomology ring of X, the bilinear form 7 is the Poincaré pairing, 1 is
the identity and for ay,...,a, € V we have

Qg,n(alv Q) = Z Vi (H ev;(a;) N [Mg,n(Xa 6)]MT> )
B i=1
where v is the projection to the moduli space of curves. For this definition
we need to assume that the sum over [ converges. In any case, generalizing
the definition of a CohFT slightly, we can also add some formal variables
¢” to record § into the sum, and view €, as a CohFT over the Novikov
ring, i.e. the formal power series ring generated by variables ¢° satisfying
Q’Bl qﬁz — q,31+ﬂ2'

There are also CohFTs not coming from Gromov-Witten theory. For
example in [40] a beautiful two dimensional example, Witten’s 3-spin class
Wy, is used. For the purposes of the relations a very important fact is that
it is of pure cohomological degree

g—1+37" a
= L (7)

deg(W,n(eays---€an)) 3
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where each of ay,...,a, is 0 or 1 and {eg,e;} is a distinguished basis of
the underlying vector space. For r > 4 there is also an (r — 1)-dimensional
CohFT defined using Witten’s r-spin class.

Integrating the classes of a CohF'T can be used to give V', thought of as
a manifold, the structure of a Frobenius manifold as introduced in [7]. In
particular every tangent space has the structure of a commutative Frobenius
algebra. The points where this algebra structure does not have any non-zero
nilpotent elements are called semisimple.

In the case that the origin in V is semisimple a powerful conjectural
reconstruction result of Givental [18] applies. It gives a formula to compute
2, in terms of genus 0 data which is computable in most cases. Givental’s
conjecture is now proven in cohomology by Teleman in [50]. As the proof
uses Mumford’s conjecture, it cannot be directly generalized to Chow. Still
in some examples such as the Gromov-Witten theory of toric varieties it is
known to also hold in Chow [19].

The 3-spin CohFT used in [40] is not semisimple at the origin, but at
least semisimple at a generic point of the Frobenius manifold. By a shifting
procedure the CohFT can be moved to such a point and Teleman’s recon-
struction result can be applied there. Pixton’s relations are found by the
observation that while shifted Witten’s class is supported in cohomological
degree at most the reconstruction gives terms of higher degree. These
terms of higher degree must cancel, but this cancellation is non-trivial and
very directly implies the relations of Pixton.

8 Summary of the papers

8.1 Paper A

Paper A gives a proof of the fact that Pixton’s relations are relations in
the tautological ring in Chow.

The proof takes the stable quotient relations of [39], which, as the authors
point out, are restrictions of relations of R* (Mg). For concreteness, on the
way of generalizing to MM first the case of Cy, the n-fold tensor power of
the universal curve over M,, is considered. In this case the proof is, up to
minor simplifications, the same as in [39].

When trying to go to the compactification Mgm things get much more

complicated. Whereas in the stable quotient localization computation for C'}
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only two fixed loci play a role, for Mg,n, as the degree of the stable quotient
grows, more and more fixed loci need to be considered.

The fixed loci can be sorted according to dual graphs but at each edge
and leg of the dual graph we still need to sum over localization contributions
of chains of rational components. As pointed out by my advisor these sums
should be computable by the methods of Givental [19]. Using the comparison
between stable quotient and stable map invariants the series can indeed be
computed. At the time it was astonishing that the series ®(z,q) of @
reappears here.

To get enough relations, in all cases it is necessary to not only consider
the virtual fundamental class but also its intersection with some natural
Chow classes on the moduli space of stable quotients. In the cases of Cj and
MWL different classes are considered. In the first case the first Chern class
of the universal sheaf and in the second case, like in Gromov-Witten theory,
pull-backs of classes of P! via the evaluation maps are taken. In order to
understand why in the end the same relations are obtained, Hassett’s mod-
uli space [25] of curves with weighted markings is considered to interpolate
between these cases.

8.2 Paper B

The work on Paper B was prompted by discussions with Y.P. Lee at the
conference Cohomology of the moduli space of curves organized by the For-
schungsinstitut fir Mathematik (FIM) at ETH Zirich. Via the comparison
between stable maps and stable quotients, the localization calculation of Pa-
per A is essentially equivalent to Givental’s proof [19] of the reconstruction
theorem for the Gromov-Witten theory of P!.

As remarked in [40], the way that the relations are found from the 3-spin
theory can also be interpreted in a different way: While the Givental-Teleman
reconstruction cannot be directly applied at the non-semisimple origin, we
can shift to a semisimple point and look at what happens when we try to
approach the non-semisimple point. On the one hand the individual terms
of the reconstruction diverge, but on the other hand we know that the result
has to be Witten’s class. It follows that there has to be cancellation between
the terms.

As suggested by D. Zvonkine, this method can be used for any CohFT
which is semisimple at a generic point of the Frobenius manifold. The terms
in the reconstruction have poles at the non-semisimple locus and the neces-
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sary cancellation in order for a non-semisimple limit to exist imply tautolog-
ical relations. This approach gives a rich procedure of finding tautological
relations and while the relations have similar origin, they are much harder to
make explicit in higher dimensions and it is not directly clear how they are
related to Pixton’s relations.

Paper B gives a first comparison between these relations from different
CohFTs. It is shown that the relations from Witten’s 3-spin class (i.e. Pix-
ton’s relations) are equivalent to the relations from the equivariant Gromov-
Witten theory of P!. Furthermore, in higher dimensions the relations from
Witten’s r-spin class are contained in the set of relations of the equivariant
Gromov-Witten theory of P".

In higher dimensions, it is not clear that relations from degree consider-
ations as described in Section [7] are the same as relations from pole cancel-
lation. In Paper B, it is at least shown that the relations from the degree
considerations are included in the set of relations from pole cancellation.

In [41] (in preparation) the relations from degree considerations for Wit-
ten’s r-spin class are explicitly computed for specific shifts on the Frobenius
manifold. The relations from Witten’s 4-spin class are especially interesting
since they are more tractable than Pixton’s relations and by [46] the fact
that dim RH?9~2(M,) = 1 can already be derived only from these relations.
The results of Paper B show that these relations hold also in Chow.

8.3 Paper C

Paper C finally proves a strong comparison result for the relations from
pole cancellation: The relations from any generically semisimple but not
everywhere semisimple CohFT are equivalent to Pixton’s relations.

In particular, all higher r-spin relations can be expressed in terms of
Pixton’s relation, as well as many relations obtained from virtual localization.
For example in future work [6] connection to the relations of Randal-Williams
[47] will be made.
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TAUTOLOGICAL RELATIONS IN MODULI SPACES OF
WEIGHTED POINTED CURVES

FELIX JANDA

ABSTRACT. Pandharipande-Pixton have used the geometry of the moduli space
of stable quotients to produce relations between tautological Chow classes on
the moduli space My of smooth genus g curves. We study a natural exten-
sion of their methods to the boundary and more generally to Hassett’s moduli
spaces Mg,w of stable nodal curves with weighted marked points.

Algebraic manipulation of these relations brings them into a Faber-Zagier
type form. We show that they give Pixton’s generalized FZ relations when all
weights are one. As a special case, we give a formulation of FZ relations for
the n-fold product of the universal curve over M.

1. INTRODUCTION

1.1. Moduli spaces of curves with weighted markings.

1.1.1. Definition. As a GIT variation of the Deligne-Mumford moduli space of sta-

ble marked curves, for any n-tuple w = (w1, -+ ,wy,) with w; € QN]0,1] Hassett
[10] has defined a moduli space M ., parametrizing nodal semi-stable curves C
of arithmetic genus g with n numbered marked points (p1,...,p,) in the smooth

locus of C satisfying two stability conditions:

(1) The points in a subset S C {1,...,n} are allowed to come together if and
only if Y7, qw; < 1.
(2) wo (Xoi, wipi) is ample.
The second condition implies that the total weight plus the number of nodes of
every genus 0 component of C' must be strictly greater than 2.

The main cases we have in mind are the usual moduli space M, of marked
curves, which occurs when all the weights are equal to 1, the case when Z?zl w; <1,
which is a desingularization of the n-fold product of the universal curve over Mg,
and the case when g =0, w1 =1, wo =1 and ) ;" ;w; <1, which gives the Losev-
Manin spaces [13]. Moduli spaces mixed pointed curves also naturally appear when
studying moduli spaces of stable quotients [14].

We will use various abbreviations for the weight data, like (w, 1) for the data
with first entries given by w and further m entries of 1.

1.1.2. Tautological classes. Using the universal curve 7 : 691“, — Mg,w, the n
sections s; : Mg,w — ég,w corresponding to the markings and the relative dualizing
sheaf w, we can define ¥- and k-classes:
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Notice that in the case of M, ,, the definition of x-classes is different from the usual
definition as in [2].!

Each subset S C {1,...,n} defines a diagonal class Dg as the class of the locus
where all the points of S coincide. By Condition (1) the class Dg is zero if and
only if » J; qw; > 1.

As Mg,n the moduli space Mg’w is stratified according to the topological type
of the curve and each stratum, indexed by a dual graph I' (see [8, Appendix A] for
a description of dual graphs of strata of M ,,), is the image of a clutching map

€r : Hﬁgmwi — M%w.

Here points which are glued together have weight 1. The map &r is finite of degree
| Aut(I')| 2.

1.2. Formulation of the relations. To state the Faber-Zagier-type relations on
M ;v we need to introduce several formal power series.

The hypergeometric series A and B already appeared in the original FZ relations.
They are defined by

= e (Y & (6 61t
A= 2 e (72) =rrow) B0=3 Giomat (1)

2 =0

We will actually not directly use B in the definition of the relations but A and a
family C; of series strongly related to A and B which were already used in [19] for
the proof of the equivalence between stable quotient and FZ relations on M. They
are defined recursively by

B

Z?

Notice that C; is a multiple of t*~1.
As in [19] these series appear in the study of the two variable functions

> L1 (—1)dad
®(t’x):ZH1—it( d!) Iz

d=01=1
Boi iy
= 72‘: i 1 @
7 Zm @i Tls®)

where the Bernoulli numbers By, are defined by

t .tk
et —1 ZB’CE'
k=0

Ci=C= Cit1 = <12t2jt — 4it> C;.

IThe k-classes we use here appear naturally when pushing forward powers of 1-classes along
maps forgetting points of small weight whereas the usual k-classes are convenient when studying
push-forwards of powers of 1-classes along maps forgetting points of weight equal to 1. The fact
that we will mainly consider the first kind of push-forwards explains our choice of k-classes.

2To determine the number | Aut(I')| of automorphisms of I' the graph I' should be regarded
as a collection of distinct half-edges of which some are glued together. For example when n = 0
and I' consists of exactly one vertex and one edge, there is exactly one non-trivial automorphism,
which interchanges the two half-edges; accordingly the map &r : Mgflyz — Mg is a double cover.
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These two-variable functions appear both in the localization formula for stable
quotients (see Section 3 and [19]) and the S-matrix in the equivariant genus 0
Gromov-Witten theory of P! (see Section 5).

Various linear bracket operators are used to insert Chow classes into the power
series in t. We define {}., {}y and {}pg for S C{1,...,n} by

{thY, =rpt”
{tk}w :wktk
{tk}D — wzl_ctk’ if § = {’L},
s (—1)‘5‘_1D51/157|S|+1tk, else, where 7 € S,

and linearity. It will moreover be useful to define brackets modified by a sign
¢ € {1}, denoted by {}¢, {}fb and {}%S respectively, by composing the usual
bracket operator with the ring map induced by ¢t — (t. For a power series F' in ¢t
we will use the notation [F],: for the ' coefficient of F.

Proposition 1. For any codimension r and the choice of a subset S C {1,...,n}
such that 3r > g + 1+ | S| the class

S et (T enctonns S Tl T] &)

v vertex PES, i€P e edge
¢:I—{£1}

tr—I1E|

m AT'(MQ,W) is zero, where the sum is taken over all dual graphs T' of Mg’w with
vertices colored by ( with +1 or —1, the class Hgv) is the i-th k-class in the factor
corresponding to v and S, is S restricted to the markings at v. The edge term A,
depends only on the 1-classes 1, o and colors §; = ((v;) € {£1} at the vertices

v1, Vo joined by e and is defined by
2t(1 +1h2)Ae = (G + Cz){A_l}ffl{A_l}fo + gl{c}f;l + Cz{c}fp22-

To see that the series A, is well-defined one can use the identity A(t)B(—t) +
A(—t)B(t) +2 = 0 [21]. The proof of Proposition 1 gives an alternative more
geometric proof.

In the case of M, the relations of Proposition 1 are a reformulation of the part
of Pixton’s generalized FZ relations [21] with empty partition o and coefficients a;
only valued in {0,1}. The set S corresponds to the set of all ¢ such that a; = 1.

To obtain a set of relations analogous to Pixton’s relations we need to take the
closure of the relations of Proposition 1 under multiplication with - and x-classes
and push-forward under maps forgetting marked points of weight 1. See for this
also the discussion in Section 6.4 and [20, Section 3.5].

In total this gives a proof of [21, Conjecture 1] in Chow. We therefore have ver-
ified Pixton’s remark [21] that it should be possible to adapt the stable quotients
method to prove that his generalized relations hold. In cohomology [21, Conjec-
ture 1] has already been established by a completely different method in [20].

1.3. Plan of Paper. Section 2 introduces stable quotient moduli spaces of P!
with weighted marked points, slightly generalizing the usual moduli spaces of stable
quotients. We define them, sketch their existence and review structures on them.
In Section 3 we review the virtual localization formulas both for stable quotients
and stable maps to P!. Section 4 contains a proof of Proposition 1 restricted to
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powers of the universal curve over M,. The proof in this case is much simpler than
the general case but many parts of it can be referred to later on. Section 5 provides
calculations of localization sums using Givental’s method necessary in the proof of
the general relations. Finally Section 6 contains the proof of Proposition 1.

Acknowledgments. The author would like to thank Rahul Pandharipande for
the idea of considering the universal curve on the moduli space of stable quotient
and recognizing the edge sums appearing in the localization calculation and Aaron
Pixton for explaining many aspects of the preprint [18] and FZ relations in general.
The author is grateful for discussions with Alina Marian, Dragos Oprea and Dimitri
Zvonkine on the moduli of stable quotients.

The author was supported by the Swiss National Science Foundation grant SNF
200021.143274.

2. MODULI SPACES OF STABLE QUOTIENTS

2.1. Introduction. The proof of Proposition 1 is based on the geometry of stable
quotients. These moduli spaces give an alternative compactification of the space
of maps from curves to Grassmannians and were first introduced in [14]. We will
need a combination of these spaces with Hassett’s spaces of weighted stable curves.
These spaces are different from the e-stable quotient spaces introduced by Toda
[22], where the stability conditions on quotient sheaf instead of the points varies.
Similar spaces M, w(P™, d) in Gromov-Witten theory have been studied in [1], [3]
and [16].

The moduli space @g’w(]}”l, d) parametrises nodal curves C of arithmetic genus
g with n markings p; weighted by w together with a quotient sequence

058 —>50c0C2=Q—0

satisfying several conditions:

e The underlying curve with weighted marked points satisfies all the proper-
ties of being stable but possibly the ampleness condition (2).

S is locally free of rank 1.

Q@ has degree d.

The torsion of @ is outside the nodes and the markings of weight 1.

we (0 wipi) ® S®9) is ample for any 0 < £ € Q.

Isomorphisms of stable quotients are defined by isomorphisms of weighted stable
curves such that the kernels of the quotient maps are related via pull-back by the
isomorphism. In Section 2.3 we give a precise definition for families and sketch a
proof that @Q’W(Pl, d) is a proper Deligne-Mumford stack.

2.2. Structures. There is a universal curve Cyw(P',d) over Q, (P!, d) with a
universal quotient sequence

0280z, g ®C? = Q—0.

Moreover as in Gromov-Witten theory for each marking i of weight 1 there is an
evaluation map ev; : Q, (P!, d) — P!, which is defined by noticing that

05S—=0cC*=Q—0
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restricted to a marking p of weight 1 gives a point in P! since tensoring the above
sequence with the residue field &, at p gives a k;, valued point in the Grassmannian
G(1,2) = PL.

There is also a forgetful map v : @g)w(]P’l, d) = M, forgetting the data of the
quotient sequence and stabilizing unstable components.

Finally, there is a comparison map ¢ : Myw(P',d) — Q, (P!, d) from the
moduli space of stable maps of degree d to P!. It contracts all components that
would become unstable ® and introduces torsion at the point the component is
contracted to according to the degree of the map restricted to that component.

The open substack Qg w (P!, d) C @gm(ﬂﬂ, d) is defined to be the preimage of
the moduli space of smooth curves M, , under the forgetful map v.

2.3. Construction. We want to reduce the existence of moduli spaces of stable
quotients with weighted marked points to that of the usual moduli spaces of stable
quotients. For this we use ideas from [1] and [3]. Because it is not the main topic
of this article we will try to be as brief as possible.

We will allow in this section the weight data also to include 0. So with w we
will denote an n-tuple (wy, ..., w,) with 0 <w; <1 for all i € {1,...,n} here. We
also consider more generally stable quotients to P™.

Definition. An object (C, s1,..., Sn, OZ?H — Q) in the stack @g’w (P™,d) over a
scheme S is a proper, flat morphism 7 : C — S together with n sections s; and a
quotient sequence of quasi-coherent sheaves on C' flat over S

0-S—03t" =590

such that

(1) The fibers of 7 over geometric points are nodal connected curves of arith-
metic genus g.

(2) For any S C {1,...,n} such that the intersection of s; for all ¢ € S is
nonempty we must have ), qw; < 1 and if in addition the intersection
touches the singular locus of 7 we must have »_, g w; = 0.

(3) S is locally free of rank 1.

(4) Q is locally free outside the singular locus of 7 and of degree d.

(5) we(X i, wis;) ® S(=9) is 7 relatively ample for any £ > 0.

Two families (C’,sl,...,sm(’)g”'1 — Q), (C’,s’l,...,s;,OZﬁ‘H — Q') of stable
quotients over S are isomorphic if there exists an isomorphism ¢ : C' — C’ over S
mapping s; to s, for all ¢ € {1,...,n} and such that S and ¢*(S’) coincide when

viewed as subsheaves of (923,“.

Notice that there is no condition on the sections of weight 0. Therefore the
space Qg7(w70f)(]P>m7d) is isomorphic to the f-fold power of the universal curve of

Qg,w(Pm, d) over @g)w(]P””, d).

In order to prove that Q, . (P™,d) is a Deligne-Mumford stack it is enough to
show that it is locally isomorphic to a product of universal curves over Q) ;s (P™, d)
since this is a Deligne-Mumford stack as shown in [14] (by realizing it as a stack
quotient of a locally closed subscheme of a relative Quot scheme).

3The only components which are stable in the Gromov-Witten but not in the stable quotients
theory are non-contracted components of genus 0 with exactly one node and no marking.
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Lemma 1. For each point (C,s1,...,5,,OF — Q) in Qg (P™,d) there exists

an open neighborhood which is isomorphic to an open substack of g,w/(]P’m,d)
where w' is {0,1} valued.

Proof. The argument is the same as in [1, Corollary 1.18]. O

Separatedness follows from the following lemma, which is analogous to [3, Propo-
sition 1.3.4].

Lemma 2. The diagonal A : Q, ,(P™,d) = Q, ,(P™,d) X Q, ,(P™,d) is repre-
sentable, finite and separated.

Proof. We proceed as in [3, Proposition 1.3.4].
Let (C, sy, .. .,sn,OgH — Q) and (C",s’l,...,s;w(’)g,+1 — Q') be two stable

quotients over a base scheme S. We need to show that the category
Isom((C, 51, .., 8n, (’)g+1 — Q),(C',s,,...,s,, Og,“ — Q")

is represented by scheme finite and separated over S.

The images T and T of the maps (OZ+)* — S* and (05" — (S')* are
given by T = S*(—D), T' = (8")*(—D’) for effective divisors D, D’ of some degree
d" < d on C respectively C’. From this we can construct d’ additional sections
Spi1s- -+, Snya for C and 8], ,...,8, 4 for C'. As in [4, Proposition 1.3.4] at
least étale locally d —d’ * further sections s, q, . . ., Sp4q for C and Snydrs o Snad
for C’ can be constructed by choosing suitable hyperplanes H; in C™*! and marking
sections at which the quotient is locally free and the quotient sequence coincides
with the sequence corresponding to the inclusion of H; in C™+!.

By the definition of stable quotients the resulting marked curves (C, s1,. .., Sptd)
and (C',s},...,s],,4) are (w,e%)-stable. This gives a closed embedding
Isom((C, 81, ..., 80, OFTH = Q), (C', 8}, ..., 8, OB — Q') —
|_|Isom((C’, 155 Sntd)s (O 81, -3 80y Shia (1) -+ Smbo(d)s Snrdi+10 -+ Sntd))-
oESy

Since by [10] the right hand side is a scheme finite and separated over S so is the
left hand side. O

Lemma 3. There is a surjective comparison map ¢ : Mg o (P™,d) = Q, o, (P™, d).
Proof. This is similar to [22, Lemma 2.23]. O
Lemma 4. For w' < w there is a surjective reduction morphism

Pww i Qg w(P™,d) = Q, o (P™,d).

Proof. This follows from Lemma 3 and the corresponding result for stable maps
(see [3, Proposition 1.2.1]). O

B Since @Q’W(Pm,d) is proper for w = 1" the preceding lemma implies that
Qg w(P™, d) is proper in general.

4Actually (m + 1)(d — d’)
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3. LOCALIZATION

The virtual localization formulas [9] for @, ., (P™,d) and M (P™,d) are the
main tool we use to derive stable quotient relations. The existence of the necessary
virtual fundamental class [M g v (P™, d)]*" for M, w(P™,d) has been shown in [1]
and [3]. For the existence of a 2-term obstruction theory of QQ’W(IE’””7 d) the same
arguments as in [14, Section 3.2] can be used. They depend on existence of a v-
relative 2-term obstruction theory of the Quot scheme and the non-singularity of
the Hassett moduli spaces of weighted curves. We will now follow Section 7 of [14].

In this paper we will only look at torus actions on moduli spaces of stable quo-
tients or stable maps of P! which are induced from the diagonal action of C* on
C? given by ([zo : 1], \) — [z0 : Az1]. By s we will denote the pull-back of the
equivariant class s € AL.(pt) defined as the first equivariant Chern class of the
trivial rank 1 bundle on a point space with weight one action of C* on it.

The equivariant cohomology of P! is generated as an algebra over Q[s] by the
equivariant classes [0], [oc] of the two fixed points 0 and oo. These classes satisfy
(among others) the relation [0] — [co] = s. Localizing by s, the classes [0] and [o0]
give a basis of A%, (P!) as a free Q[s, s~!]-module.

3.1. Fixed loci. The fixed loci for the action of C* on My (P!, d) and Q,, ., (P',d)
are very similar. They are both parametrized by the data of

(1) agraph I' = (V, E),

(2) a coloring ¢ : V — {£1},

(3) a genus assignment g : V — Zxo,

(4) amap d: VUE — Zxq,

(5) a point assignment p: {1,...,n} =V,
such that I is connected and contains no self-edges, two vertices directly connected
by an edge do not have the same color (,

g=h'm)+ 3 g(),
veV

d= Y di), dg>1,

i€eVUE

and one further condition which depends on whether we look at M, w(P',d) or
Q g,w(]P’l, d).

To state the stable quotient condition we need the following definition: A vertex
v € V is called non-degenerate if the inequality

2g(v) — 24+ n(v) +ed(v) >0

holds for any ¢ > 0. Here n(v) is the number of edges at v plus the number of
preimages under p weighted by the corresponding weight.

Then for the combinatorial data on the stable quotients side we demand each ver-
tex to be non-degenerate, whereas for the stable maps data the additional condition
is d|v =0.

In the combinatorial data for M, (P!, d) the vertices v of I' correspond to curve
components contracted to the fixed point of P! specified by ¢, that is 0 for ((v) = 1
and oo for ((v) = —1. The edges correspond to multiple covers of P! ramified only
at 0 and oo with degree determined by the map d. For Qg’v‘,(ﬁ”l7 d) the vertices of
I" correspond to components C of the curve over which the subsheaf S is an ideal
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sheaf of the trivial subsheaf given by one of the two® 1-dimensional fixed subspaces
of C?, ¢ specifies which subspace of C? was chosen and —d the degree of S. Edges
correspond to multiple covers of P! ramified in the two torus-fixed points.

The fixed locus corresponding to the combinatorial data is, up to a finite map,
isomorphic to the product

LT M), cwivy.ca)/Saws
veV

where w(v) is a ([p~1(v)| + |{e adjacent to v}|)-tuple, which we will index by
p~1(v) U {e adjacent to v}, such that w(v); = w; if i € p~!(v) and w(v), = 1
for adjacent edges e. The symmetric group S;(,) permutes the e-stable points. The
product should be taken only over all non-degenerate vertices.

3.2. The formula. The virtual localization formula expresses the virtual funda-
mental class as a sum of the (virtual) fundamental classes of the fixed loci X
weighted by the inverse of the equivariant Euler class of the corresponding virtual
normal bundle Nx. In order to make sense of this inverse it is necessary to localize
the equivariant cohomology ring by s.

The inverse of the Euler class of Nx is in both cases a product

H Cont(v) H Cont(e),

e edge

for certain vertex and edge contributions depending only on the data of the graph
corresponding to the vertex or edge. The contributions Cont(e) and Cont(v) for v
degenerate are pulled back from the equivariant cohomology of a point. We will
not need to know the exact form of the edge and unstable vertex contributions here
apart from the fact that the contribution of a vertex v with d(v) = g(v) = 0 and
|w(v)] =1 is equal to 1.

The non-degenerate vertex contribution is pulled back from

AE* (Mg(v)’(w(v)7€d('u))/Sd(v)) ® Q[S, 8_1].

It is given by

v)—d(v)—1 — ci(Fd(v)> C(U)S
(1) Cont(v) = (¢(v)s)9)—d®) / > 7
2 sy U=

where F; is the K-theory class Fy = E* — B; — C, the product is over edges e
adjacent to v and

o s

© d(e)

The dual E* of the Hodge bundle E has fiber
(H°(C,we))*

over a marked curve (C, p;), the rank d bundle B; on Mg,(w75d)/5d has the fiber

HO(Ca Oc(pn-i-l R pn+d)|17n+1+“'+pn+d)

5These correspond to the two fixed points in PL.
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over a marked curve (C, p;). The bundle B, can also be thought as an Sy invariant
bundle living on M In [14] the Chern classes of this lifted bundle have been
computed:

g,(w,ed)-

n+d

o(-Ba) = [] !

n+i :
i=n+1 L= Ynyi — Zj:nJrl Dij

Notice the similarity to the ® function. The Chern classes for By on Mg,(w75d)/5d
can be calculated by push-forward along the finite projection map and dividing by
the degree d!.

3.3. Comparison. The C* actions on My (P',d) and Q, , (P', d) are compatible
with the comparison map ¢ : M, (P, d) — @g’w(]}”l, d) and ¢ hence maps fixed
loci to fixed loci. The image of a locus corresponding to some combinatorial data is
given by contracting all degenerate vertices, adding the values of d of the contracted
vertices and edges to the degree of the image vertex of the contraction, and replacing
the point assignment p by its composition with the contraction.

The Gromov-Witten stable quotient comparison says that the contribution of a
stable quotient fixed locus to the virtual fundamental class of @, , (P',d) is the
sum of push-forwards of the contributions of all stable maps loci in the preimage of
¢ to the virtual fundamental class of M, w (P!, d). This in particular implies that

e+ ([Qqw (P, d)]"") = [Mgw (P, d)]"".

4. THE OPEN LOCUS

We will first restrict ourselves to the special case of n-fold tensor powers My, of
the universal curve Cy over M,. This case occurs when the weights are sufficiently
small (ie. >, w; < 1) and we restrict ourselves to the locus corresponding to
smooth curves.

4.1. Statement of the stable quotient relations. Let us define the bracket
operator {}a on Q[t,p1, ..., ps] in terms of the operators from the introduction by

fOra=—{f®)}x
{f(t) sz} ={f(t)}ps
A

icS
{pff(tvplv . 7p71)}A :{plf(tapla cee 7pn)}Aa
if e > 0. For example {tszf}A = t2w% and {t2p1p2}A = —Dlg’(/Jl = —Dlg’(/JQ.
Proposition 2. The relations given by
_ 1
> o e (- yo0+ fepl-pDnictana)| =
Ce{il} trmdpa

with the differential operator D = tz% and p = p1+ -+ + pn hold in Mg, under
the condition g —2d — 1+ |a| < r.
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4.2. Proof of the stable quotient relations. We generalize here the localization
method of [19].

Foreachi € {1,...,n} we can define a class s; € Al(Mg‘n(IPl, d)) as the pull-back
of ¢1(S) from the universal curve Cy,, (P!, d) via the i-th section.

For given nonnegative integers a; let us look at the class

n
5 = [[(~s0" € A (M, (P, ).
i=1
The strategy is to study the C* action from Section 3, to lift s* to equivariant
cohomology and to write down the localization formula calculating the push-forward
of this class to the equivariant cohomology of Mg,,. As we have seen the general
form of the localization formula is a sum of contributions from the fixed loci. For
each fixed locus a class from its equivariant Chow ring localized by the localization
variable s pushed forward via the inclusion of the fixed locus. We get the relations
from the fact that the rational functions in the localization variable we obtain must
actually be polynomials in s after summing over all fixed loci.

Remark 1. In [14] and [19] the same strategy was pursued but other related classes
were chosen to be pushed forward. In similar spirit we could add factors of the
form m, (spy1c1(wr)?), where 7 : Qginy1 (P, d) = Qg (P, d) is the forgetful map
and w; is the relative dualising sheaf, to the class we are pushing forward. However
because of the commutative diagram

Qgni1(P',d) —— Qgyn(P*, d)

O

Mg\n+1 M

gln

and the fact that ¢1(wyr) = v*(¥n41) these will be contained in the completed set
of stable quotient relations.®

In [19] only factors with a = 1 were used to derive the FZ relations on M,. The
results from Section 4.3.2 imply that allowing higher values for a would not have
led to more stable quotient relations.

The action of C* on P! is induced by the action of C* on C2 given by ([z, z1], A) +
[20, Az1]. This naturally induces C* actions not only on Qg|n(IP>1, d) but also on the
universal curve Cy, (P!, d) and the universal sheaf S. This gives a natural lift of
the s; to equivariant cohomology and therefore also a natural lift of s®. We will

not choose this lift but instead
n

~a 1\
s = H (_Sz — 28) S 14!;;'(Z\4g|n(P1,(}l))7
i=1
where the s; are the natural lifts.
Let us consider the localization formula for this equivariant lift applied to the
push-forward

Ve (Sa n [Mg|n(Pla d)]mr) € A2g+2d—2+n—|a| (Mg|n)

6To see this for more than one factor (say m factors) one needs to first interpret the product
as a class on the m-fold tensor power X of Qg|n+1(P1, d) over Qg‘n(Pl, d) and use the birational

map from Qg|n+m(]P’1,d) to X.
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Let us shorten this by writing 12" (s?) for this push-forward after capping with the
virtual fundamental class.

Because we assume the strict inequality Y ., w; < 1 there are only two fixed
loci with respect to the torus actions in the description of Section 3.1. Concretely in
this special case they correspond to elements (C,p1,...,pn) of My, with quotient
sequence

0= Oc(—Pns1 =+ = Pntd) = Of = Q =0

where the first map factors through O¢ and the map O¢ — O% is induced from
one of the two torus invariant inclusions of C as a coordinate axis in C2. Here
Oc(—pn+1 — *+* — Pn+a) is an ideal sheaf of O¢ of degree d. Both fixed point loci
can be identified with M, 14/S4 where the symmetric group Sq permutes the last
d markings.

Since the graphs corresponding to the fixed point loci have each only one vertex
and no edge we can calculate the inverse of the equivariant Euler class of the normal
bundle to each fixed locus using (1). It is given by

(¢Cs)9™ d— 1ZCZIFd

where ¢ is +1 and —1 for 0 and co respectively.
Applying the fixed point formula we obtain for the s¢ part of the push-forward
(2)

1 a; OO ) L
e = 5 3 T (<st3¢) et etm 7
=0

t9—1—d—c+lal

where € 1 My, +q — My, forgets the last d markings. We have here by abuse of
notation denoted similarly defined classes on My, ;.4 with the same name as on
My, (P*,d). The expression (—s;t — £() comes from the fact that the torus acts
trivially on the subspace of C2? given by 0 and with weight 1 on the subspace given
by oco. The equivariant lift of the s; was chosen in order to have this symmetric
expression.

Since the push-forward must be an honest equivariant class, the classes (2) must
be zero if ¢ < 0.

Let us package these relations into a power series. We have

|
(3) Ha— VT (E)]ee = > O eufexp(—T1) Talprgapa,
=1

with

=1
oo o0 d
T ZZZ(@) c;j(Fa) d
7=0d=0
Since
n—+d
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we can rewrite T3 as

n n+d n
T = Z Z Dip; + %CZPzﬂ
i=1 j=n+1 i=1

4.2.1. Relations between diagonal classes. In order to better understand c¢(Fy) let
us here collect the universal relations between classes in A* (Mg, ).
The basic relations are
Dyjips = Dijipy = =Dy
D;;Di, = Diji
for pairwise different 4, j, k (compare to [5]). Let Dgq € A%(My),,) by defined for
any S C {1,...,n} and a > |S| — 1 by

. N
Dsﬁa:{ 2 if $ = {i},

(—1)ISI1Dgyp 15 else, where i € {1,..., d}.
Then Dg o D1 = Dsur,ats if SNT # 0.

Lemma 5. Each monomial M in diagonal and cotangent line classes in A*(My),,)
can be written as a product

M=+ H Ds a(5)+15)-1
Sep

for some partition P of {1,...,d}, function a : P — Z>o and a suitable choice
of sign. This product decomposition is unique if we only use the above relations
between diagonal and cotangent line classes.

Remark 2. If the partition P is the one element set partition, we say that M is
connected. We call the factors of the decomposition (or just the elements of P) the
connected components of M.

The push-forward under the forgetful map = : My, — Mg,,_; is given by
0, ifnégs,
T Dsa = 4 Ka_1, if |[SN{n} =1,
7D5'\{n},a—17 else.
Here and in the rest of this article x_; is defined to be zero.

4.2.2. Simplest relations. Let us first consider the stable quotient relations in the
case of a = 0. Then they are simply

oo oo d
—d— ; x
0="> ¢ e, ZZ(Ct)]Cj(]Fd)E
¢ d=0 j=0 irpd
for
(4) r>g—1-2d

By the definition of F; as a K-theoretic difference of E*, a trivial rank 1 bundle
and B, the inner sum breaks into two factors. The part corresponding to E* is
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pulled back from Mg|,, and does not depend on d. Using Mumford’s formula [15]
we can therefore rewrite the relations as: The class

ch—d—l exp< Zzz(f )521 1(t0)% 1>5*ZZ Ct)e;( IB%d
¢

d=0 j=0 rgpd

is zero if (4) holds.

To deal with the second factor we formally expand it as a power series in , t and
the classes Dg, for various S C {n+1,...,n+d} and a € Z>(. By the exponential
formula and the facts from Section 4.2.1 we have that

SRS ‘ d 0o oo J
Ex Z Z(Ct)ch(ilB%d)% = exp (5* Z Z SgD{n—&-l,...,n-‘rd},r(Ct)T:;’!)

d=0 j=0 d=1r=0
where

10g<ZH th.) ZZSdtrd'

d=01=1 d=1r=0
With exDpni1,.. ntdyr = (—1)d_1f<ar,d and noticing the similarities between the

.....

series defining S, and 10g(<I>) we obtain

d
Z ¢! Z J = exp (—{log(®(¢t)) }x)

and so the stable quotient relations in the case a = 0 are

D ¢ rexp (—{v(¢h}x)| =0

C trxd

under Condition (4).

4.2.3. General relations. We will investigate how monomials in the s; affect the
push-forward under € of monomials supported only on the last d points.
Notice that for each partition P of {n+1,...,n + d} we have

(5) exp (—Zsl) = H exp _ZZDU ,

SepP i=1jeS

and each factor is pulled back via the map forgetting all points in {n+1,...,n+d}
not in S.
Moreover notice that if M is a connected monomial supported in the last d
marked points with e, M = [—{f(¢)}x]er = [{f(¥)}a]tr, we have
(6)
[ ((=sipi) @ M)]pa = [e((—dDinr1pi) @' M) pa = [{(pi D) (2 f ()} Al irga-
From (5), (6) and the identity

exp(pD) exp(f(t,x)) = exp(exp(pD)f(t,x))

we obtain the general stable quotient relations

> ¢t [eXp (—;Cp + {exp(pD)v(Ct,m)}A)] =0,

C trwdpa
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if

(7) r>g—1-—2d+lal.
4.3. Evaluation of the relations.

4.3.1. Minor simplification. Notice that in the relations of Proposition 2 the sum-
mands in the ¢ sum are equal up to a sign

(71)971+T+\a\_
Therefore the relations are in fact zero if g+ r + |a] = 0 (mod 2), and in the case
(8) g—1+r+]a|=0 (mod 2)

we can reformulate them to

[GXP (—;p + {exp(pD)~(t, w)}A)} =0.

tTIdpa

4.3.2. Differential algebra. In this section we will establish that it is enough to
consider the stable quotient relations in the case that a; < 2 for all s € {1,...,m}.
The series § = Dy — % satisfies the differential equation

1
D6:—52+$+1,

as can be derived from the differential equation
D(® — D®) = —a9,

which is satisfied by ® as seen by looking at its series definition.
Reformulating the relations with § gives

[eXP (—{v}n + Z il!{piDi‘lé}Aﬂ =0

if (7) and (8) hold.
Let us consider

with
[e’s} 1 o
F = exp <—{7}K +Y° F D 16}A> :
i=1

We have that

2
Giﬁil{ iDi715} + iil{ iDifl(;}
T &t AT\ o &t A
= {exp(pD) D5} a; + {exp(pD)d}A,,

where the operator {}a; is defined by {f}a; = pj_l{pjf}A. The bracket {}a; and
squaring commute because, informally said, {}a, connects any term to j. So we
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obtain
G ={exp(pD)Dé + (exp(pD)d)*}a, = {exp(pD)(D3 + 6%)}a,
1 1
= {eXp(pD) (x + 4) } = tefexp(Pla;,
Aj
Therefore we have that
a—zF* 1Jr:ﬂ{e (pt)} F.

and can express the relations for a; > 2 in terms of lower relations multiplied by
monomials in cotangent line and diagonal classes.

4.3.3. Substitution. The differential equation satisfied by —tv has been studied by
Tonel in [11]. In [19] her results were extended to give formulas for D%y. We will
collect some of their results on v and its derivatives here.

With the new variables

t —T

’111277 =
V1T 4z Y= 1+

one can write
1 1 ook _
7= 0)(0.2) + Jlog(1+4y) + > > epjuy’,
k=1 j=0

for some coefficients ¢ j, which are defined to vanish outside the summation region
used above. Furthermore, we have for the derivatives of §

i—1 oo k+i
D75 = (1+4y)"2 Z b§ui71yj _ Z Zcz7juk+iyj =: (14 4y)"24;,
j=0 k=0 j=0

for some coefficients b;, c}‘c) e
We will also need a result by Ionel relating coefficients of a power series F in x
and ¢ before and after the variable substitution:

r+2d—2

[Flirga = (—1)[(1+4y) " 2 Flyrya

Let us now apply these formulas to the relations. Using the fact that k_; =0
we get

oo k oo

4 1,
(Lt dy)exp | =9 DD enju'y’ o+ p'dia =0,
k=1 j=0 L =1 urydpa

under conditions (7) and (8), where the exponent e is

2 4 2 2

r+2d—2 ko Ja] r+2d—1-g—|a]
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4.3.4. Extremal coefficients. It is noticeable that in the series

oo k41
7 i—1 k+z
I Zb Y =D chu
k=1 j=0 k=0 j=0

appearing in the formulas for v and D*~'§ the y-degree is bounded from above by
the u-degree. We will only be interested in the extremal coefficients. Here the A
and C; come into the picture.

In [11] it has been proven that

log(A Z Ck, otF

and in [19] it is shown that
oo
27°Ci(t) = bj_ 't - Z oot -
k=0

We see that in the exponential factor of the relations for each summand the
y-degree is bounded from above by the u-degree. Furthermore the exponent e of
the (1 + 4y)-factor is integral and positive by (8) and (7). This implies that the
relation is zero unless

9) 3r>g+1+|a

holds. With the following lemma we can extract the extremal part of the relations.

Lemma 6. Fiz any Q algebra A, any F € Aly] and any ¢ € Z>o. The relations
[(1+4y)?Fl,a=0

for all d > ¢ imply F = 0.

Proof. The relations can be rewritten to

d
(G+4) F
]

The lemma follows by the fact that F' is a polynomial in y, and linear algebra. [J

=0.

0

Y

Using the lemma and the formulas for the extremal coefficients we obtain that
the relations

=0
Z"p?

[exp(—{log(fl)}n) exp <Z Z.ll{p"Ci}A>

hold under the conditions (8) and (9).
Ignoring terms of higher order in the p; the second factor can be rewritten

exp (Z e }A> = exp > °Csia

=1 0#£SC{1,...,n}

p* > [1{Cun.-

SC{l,..,n}  PrSieP

If
(]
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Thus we finally obtain that the FZ-type relations

exp(—{log(A)}x) Y [[{Ci}n.| =0,

PrSieP 2
hold for any S C {1,...,n} if (8) and (9).

5. LOCALIZATION SUMS

In the derivation of the more general stable quotient relations we will need to
deal with two types of localization sums related to the nodes and marked points,
respectively. To keep the length of the proof of the stable quotient relations more
reasonable we will deal with them here. The sums are genus independent and have
been studied more generally by Givental [6]. We apply here his method in a special
case. See also [7] and [12].

Let Ng.(P') be the Novikov ring of P! with values in C[s,s™!]. We define a
formal Frobenius manifold structure on X = A%. (P)@ Ng. (P) over N¢. (P') using
equivariant Gromov-Witten theory. The N. (P')-module X is free of dimension
two with basis {@g, doo } for ¢; = [i]/e;, where e; is the equivariant Euler class of
the tangent space of P! at i. We denote the corresponding coordinate functions
by 9o, Yso- This gives a basis { Byo’ ay of the space of vector fields on X. The
metric is given in this basis by

(st 0 (egt O
9=V o —s1) 7 \o et)
The primary equivariant Gromov-Witten potential is

3 3
>t z / T evi (o + getin) = 28— 22 4 e,

n= 0 d=0 =1
[]\/ID,H(Plvd)]mr

where we have set w = (Yo — Yso)/s (compare to [17]). Thus we have

dyo + Le*dw —e Ydw
a = o
?1; eVdw dyoo + —ewdw

for the matrix of one forms

a=> Ay,
where the matrices A; are defined by the quantum product
0 0 0]
2,2 _Supl
yi  Oya zb:[ ] Oyp
Using a we can compactly write down the differential equation for the S-matrix
(td —a)S =0,
with initial condition S(0,0) = Id.

If we set 0 0
Se S%
5= (50 SS?) ’

tds? = Sidy; + Y Sfeﬁewdw,
k
k

this gives the system
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with unique solution

; vi 1+ (¢ d t xe¥
j_ Y e 4 _b xe
=t (B e )o) (%)

under the initial conditions. Here the signs (; € {#1} are defined by (; = % € {£1}.
There is a set of canonical coordinates u’ on X defined by the localization sums

i — o d 32F0
T ) ST SR e )
n=0d=0  pegy’ . (P',d) ‘

where G n+2( ,d) is the set of (n+2)-point (each of weight 1) degree d localization
graphs with the first two points on a single component contracted to ¢ and Contr
stands for the contribution of a graph I' in the localization formula. By the Gromov-
Witten stable quotient comparison and since there is only one fixed locus on the
stable quotient side we have

oo d o0
R S ¢j(Fq)
00— S [ 3l
d=1"" j=0 &

where MO,QW = Moy(12,€d) is a Losev-Manin space. Since the Hodge bundle is trivial
on MO,2|d this simplifies to

Recalling the definition of B; we can write the integrand on the right hand side as
a sum of monomials in - and diagonal classes. The integral of such a monomial
vanishes unless it is the diagonal where all d points come together. The constants
—C; " which are defined from log(®) by

ox((10) =3 > ity
d=1r=—1 :
exactly count these contributions. So we get
i _ —1T" 2441
(10) u'(0,0) = = C; e
d=1

Using the S-matrix and the u’ we can now calculate the series we are interested
in. We will not regard S and the u’ outside (0,0), so let us write from now on 57
for 57(0,0) and u' for u*(0,0).

The first series P¥ will be needed to deal with stable quotient localization chains
containing one of the weight 1 marked points. We have

B oo o’ /wr s )
PZJ(t,I’) — 1 +2<2CJ +Z Id Z €;e Conty ( 8F0 > — ot /tQCJSf(*t)y

— 0y;0y;
d=1recfy (P,d) Yo

where G¢ 5 (P!, d) is the set of all localization graphs with the first marking on
a valence 2 vertex at ¢ and the second marking at j and wr is the w as in (1)
corresponding to the flag at the first marking.
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The second series is needed to deal with chains at the nodes of the curve. We
have

et /wora oot Jwr,2

EU(ty,ty, x ixd > J Contr OFp
2 wr,1 —t1 wrpo —t2 0y;0y;

=1 reGFy (p,d)

s (CHQ-C] e /t1+uJ/t2<< ZS —t1)CuSy (—t )) )

Tt + 1

where GE” (P!, d) is the set of all localization graphs with both markings on valence
2 Vertlces the first marking mapped to 7, the second marking to j, and wr 1, wr 2
are w as in Section 3.2 corresponding to the flag at the first and second marking
respectively.

Let us now simplify the expressions for P¥(t,z) and E%(t1,ts, ) using the
explicit S-matrix and canonical coordinates at 0. For P¥ (¢, x) we obtain

PY(t,x) —exp< ZC’ L= 1z o 1—2 > <(H2<1<J tCiijdig) ‘I)) <eti,:2>
, t x
-((z W) v) (@ 5)

where @ is defined by
oo oo 24
' (t, ) —exp( ZC’ -1 ) (t,xz) = exp (ZZOCgtrd!> .
d=1r=

Similarly we obtain
ty+t i ;
1+t Gi + G n
s 2

o' (t17€> o' t2 Cl ( 733)_’_(]6 tﬁ’% .
€; €; 6] 6J €; 6i €j €j

6. THE GENERAL CASE

Ez](t17t27 )

We now extend the relations of Section 4 to the boundary and allow nearly
arbitrary weights. More precisely we will assume that:

(11) If for some S C {1,...,n} we have sz =1, we must have |S| = 1.

ics
We still obtain relations for any weight data since one can always modify w a
bit such that the moduli space M,y does not change (whereas Q, (P!, d) will
change). It is even not necessary to allow that there exist points of weight 1 at all
but it is interesting to see different ways of obtaining the same relations.

6.1. Statement of the stable quotient relations. Let G be the set of stable
graphs describing the strata on M, .. The data of G in particular includes a map p
from {1,...,n} to the set of vertices as in Section 3.1. Let us assume that the first

n/ points are of weight different from 1 and the remaining n’’ points are of weight
1.
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Proposition 3. For a codimension r, a degree d, an n-tuple a such that g — 2d —
1+a] <r—|E|, in A"(Myw) the relation

1 3 v) 3<(m> C(v2)
l Aut ( ( H Vertex H Edge

¢ 1"—>{i1}

H Point3(¢iC(p(i))t7pi)>]
tr—|E| zd

i=n'+1

¢

holds, where Vertex®, is a product

1
Vertex = 9~ Texp <—2Cp(1,) + {exp(p) D) Y (¢, )} Aw) + VC)

in A*(M g0y w, )|, t, ], where p,y = Zn?iepfl(v) Di, {}aw is defined identically

compared to {} A but k; is replaced by /<;§-”) — the k; class at v — and

c_ Bs; 1 P2l gyt 2%i—1
Ve = Zzz (20 —1) Aut(A )g o Vo + Uy (™

AeDG

Here DG C G is the set of graphs corresponding to divisor classes, i.e. graphs with
only one edge, and ., ¥y are the two cotangent line classes corresponding to the
unique node corresponding to a divisor. The edge and point series are given by

H(t1 + Vo) Edge® ™ = (&'(t1351)0 (tC2¢2))_1¥+

415(tC11/117 IE) + CQé(tC2w27 .’E),
where ®' is from Section 5, and
Point®(t,p) = 1 4 pd(t, z).

6.2. Proof of the stable quotient relations. In Section 4.2 we looked at the
integrand sP coming from powers of the pulled back first Chern class of the universal
sheaf S over Cy,,(P', d). This works also well for Q g|w( ,d) if no point is of weight
1. For the pomts of Welght 1 we however need to choose different classes since by
the stability conditions the torsion of S must be away from the sections of points
of weight 1. Instead we will pull back classes from P! via evaluation maps.

For an n-tuple a, which can be split into an n’-tuple a’ and an n”-tuple a”, we
will thus study the equivariant class

pla) = ] ov; (([0]*2["0])) e AR@, (P d))

i=n’+1

where [0] and [0o] are the equivariant classes of 0 and co respectively, and §2 is the
equivariant class from Section 4.2. Since Af. (P') ® Q[s,s™!] is a two dimensional
Q[s, s71] module we do not lose any relations by considering only the case when a”
is {0,1} valued.

As before we consider the s part of the push-forward of p(a) for ¢ < 0 when
using the virtual localization formula.

In order to gain overview over the in d monotonously growing number of fixed
loci we sort them according to the stratum of Mg,w they push forward to. Let us
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FIGURE 1. An edge and a point chain

dv dv dv AT d,u dv
ocoe—1 1d82 3de4 5 Mg(v),w(b) del Qdes 4
1 d d
PLIC de,\/de,\/de.\ = do\/de\ .
00+1 Mgy wiv) dy, dy, M (w),w(w) dy, do, point

consider stable graphs I' = (V| E) of Hgﬁw together with a coloring ¢ : V — {+1}
and a degree assignment d : VU EU{n' +1,...,n} — Z>¢. This data records
coloring and the d|y from a stable quotient graph, the total degrees of the chains
which destabilize to a node or a weight 1 marked point when pushing forward to
M 4 v. To get back to a stable quotient graph one needs to choose for each edge and
each weight 1 marked point of degree d a splitting d = d¢, +dy, +- - - +dy,_, +de, of d
corresponding to the degrees on the chain (see Figure 1). Because of the conditions
on the coloring of a stable graph there is a mod 2 condition on the length ¢ of
the chains depending on the color at the connection vertices or a. If we had not
imposed (11), we would also have chains for each set of marked points of total
weight exactly 1.

The fixed loci corresponding to such a decorated stable graph are, up to a finite
map, isomorphic to products

1T M o). (wiw) .00/ Saw)

times a number of Losev-Manin factors M0,2|d/sd corresponding to the vertices
inside the chains.

For the localization calculation we will also have to consider the pull-back of the
integrand o(a) to each fixed locus. The factors evi(([0] + [00])%) of p(a) merely
restrict the coloring of the stable quotient graphs and their contribution is pulled
back from the equivariant cohomology of a point. The other factors s’ need to be
partitioned along the factors of the stable quotient fixed locus. However it is easy
to see that in order for the contribution to be nonzero s;* has to land at the factor
corresponding to the vertex p(i).

After all these preconsiderations let us write down the localization formula. It
will be the most convenient to write it in a power series form. We have

. 1 1 1 : s .1
Vi p(a) = I;d m&*e* (H Vertex,, H Edge, H Pomti) ,
36 v e dpa

i=n’+1
zop

where 1" again denotes push-forward using v after capping with the virtual fun-
damental class and the vertex, edge and point series still need to be defined.
The vertex series Vertexil) is given by

Vertex), = (¢(v)s)?“) " exp(—T1)Ts € @) At (M y(u), (w(v).ety) ® Qls, s ][z, p]
d=0
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with

T = Z 8ipi + %C(U) Z spi

n'>iep=1(v) n’>iep=1(v)
S (C0)s) ey ()

TQ = C v)s)" Cj ]Fd rNo2d
parg o (C(v)s)2d!

For the edge series Edgei we have

- 1
Edgeé = Z xd Z m

d=1 ré=(Ve,E.)

(158 Cos

wrd 1 — Y1 Wrd g —

™ H Cont(f) H Cont(v),

f edge v vertex

where I'? is a stable quotient localization graph of @O’Q(Pl,d) " with color of the
two vertices determined by ( at the two vertices adjacent to e. The variables (;,
d;, v; for i € {1,2} denote the color, the weight and the v-classes of the two
marked points corresponding to the edge respectively. The contributions Cont(f)
and Cont(v) are contributions to the calculation of the integrals

/ evi(dr) evi(2)
Qo2 (P1,d)

as in Section 5. By the stable quotients Gromov-Witten comparison we can replace
Qo.2(P', d) everywhere in this paragraph by Mg 2 (P!, d) and then Edge! becomes
very similar to E¥ (t1, s, 2) from Section 5.

Finally the point series Pointz1 is similarly given by

aq
Point; = (g@) +

2 2 Autl(Fd) wrd@j m [T Cont(r) I Cont(v),

d=1 ré¢=(vi,E;) f edge v vertex

where (; is ¢ at the vertex with ¢, I‘f is a stable quotient localization graph of
Qo2 (P', d) with color of the first vertex determined by ¢;. Here the contributions
Cont(f) and Cont(v) are contributions to the calculation of the integrals

[ eitones (o (ML),

Qo,2(P1,d)

The first summand corresponds to the case when the length of the chain is 0. Its
form comes from the identity [0] — [co] = s and the fact that [0] - [oo] = 0.

6.2.1. Pushing forward. Next we will study the e-push-forward in the formula for
v p(a). For this we want to replace the -classes in the edge and point terms by

1-classes pulled back via e, since the other i-classes are already pull-backs. For
a fixed localization graph ¢ is a composition of local maps, one for each vertex in

Twhich is here a chain similar to the first in Figure 1
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the graph, of the form Mg(v%(w(v)’sd(v)) — Mg(v),w(v), and one for each edge and
marked point which contracts products of factors of the form M0,2|d-

Let us first look at the push-forward local to a vertex. For this we only need to
look at the product of the vertex term with the factors of the form

1
w; — s

from the adjacent edge and point series. Let us simplify the notation for this
local discussion. With d we denote the degree at this vertex, with n = n’ + n”
the number of marked points with weight different or equal to 1 respectively, and
with w the weights at the vertex. We will index the marked points by the set
{1,...,n}U{1,...,d}. Hopefully the non-empty intersection of these sets will not
cause any confusion.

The basic pull-back formula is that

¥ =" (i) + An

in the case that d = 1. Here A;; is the boundary divisor of curves who have one
irreducible component of genus 0 containing only ¢ and the weight € point. This
generalizes to the formula

W=t h)+er @l > A,

0#£TC{1,...,d}

where A;r is the boundary divisor of curves who have one genus 0 irreducible
component containing only ¢ and the weight ¢ points indexed by T'. Thus

1 1
- T+w! Air
w; — Pi Wi — 5*(¢z) @#TCE{;W@}

Modulo factors pulled back via & the most general classes we will need to push
forward are products of factors of the form

e Digforie{l,....,n'}, SC{l,...,d},

o Nipforie{n +1,...,n}, T C{l1,...,d},

e M, a monomial in - and diagonal classes of the d points of weight .
In order for the push-forward to be nonzero the sets S and 7" must be pairwise
disjoint. Moreover for each factor A;r, the diagonal class corresponding to 1" must
be a connected factor of M.

Therefore for a monomial M = [],.p M; corresponding to a set partition P -
{1,...,d} we obtain

’

Ex H 1+ Z wi_lAiT exp nZsipi M| =

i=n/+1 0£TC{1,...,d} i=1

n 'n.,
H 5? Z wj_l—l—ei* exp Zsjpj M; ,
j=1

ieP j=n’'+1
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where here 6? is one if M; is a diagonal class and zero otherwise and the ¢; are
forgetful maps ¢; : Mg,(wﬁm) — Mg,w 8. Notice that the push-forward is a product
where each factor is dependent only on one factor of M.

This allows us to use the arguments from Section 4.2.2 to calculate the necessary
e-push-forwards modulo classes pulled back via e. We obtain

’
n

ie* i 1+ Z wi_lAiT exp Zslpi

d=0 i=n’+1 0£TC{1,...,d} i=1
e d
. x
()" s (~Ba) g =
(12) g TGy

L oo (5 (G5 i)

oo ({expomene) (o o) )L

where u¢ is as in (10) and p = p; + - - - + p,v. Here we rather artificially introduced
a variable ¢ to make use of the bracket notation. Notice that in the first factor
of this formula the factor corresponding to some ¢ € {n’ +1,...,n} depends only
on w;, which dependends on the degree splitting of the chain, whereas the second
factor is independent of the degree splittings.

Now we can again step back from the vertex and look at the global picture. With

vir

(12) we can give a new formula for v p(a)

vir _ 1 2 2 - .2
v, p(a) = Fz; m&* <1:[ Vertex: 1:[ Edge; };[1 Pomti> )

ZL’dpa

with new vertex, edge and point series. The term Vertexg already has the form as
in the stable quotient relations

Vertex? = (¢(v)s)?™)~1

1 i T 1¢E(v)
exp (=50 + {explo D) 08 (o e ) f o b #V747):
where

V=3 (C8) ey (B7) € A" (M gy, )ls s~ Ml s, 57 1],
7=0

Furthermore the edge and point series are given by

2 _gt (YL T\t (Y2 T
Rdgee =¢ (4137@5)@ (C2S’C2S>

<1 [$}
ClS@u /wrg’l CQSSU /o.zrgr2

o0 1
d
T
> | Aut(T9) wraq — 11 wres — s

H Cont(f) H Cont(v)

f edge v vertex

8To think of M; as living on M li|
g,(w,elth)

the g;-push-forward is independent of that choice.

one needs to choose a bijection i — {1,...,]i|} but
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and

Using Mumford’s formula (pulled back from M, to M, ) we find

By, Y
V=S P (G

~ (20 — 1)

1>1

_ By; 1 wgi—1+w§i_1 .
;%'Qi—l) A%;g Aut(A)5A7*< el LR

Notice that the edge series Edgeg modulo a slight change in notation and the
@'~ factors is the series EiJ (11,19, x) from Section 5, where i and j correspond
to the color of the vertices e connects. Similarly we identify the point term Point?
up to the & '-factor with

27% (8% PP (i, x) + (—8)“ P (¢, 2)) .

We finally obtain the relations by taking the s¢ part of v?"¢(a) for ¢ < 0. So
we replace everywhere s by ¢!, 2 by xt? and p(,) by p)t~!. After dividing out a
common factor of ¢¢ for

e=3(~g(v) + 1) +2d+|a| = —g+ 1 + |E| + 2d + af

v

and introducing variables p; for the a; we arrive at the stable quotient relations of
Section 6.1.

6.3. Evaluation of the relations.

6.3.1. Minor simplification. With the same proof as in Section 4.3.2 the stable
quotient relations are implied from the stable quotient relations in the case that
the n/-tuple a’ is only {0, 1}-valued. The same holds trivially for a” because of the
form of the point term.

Furthermore the relations in the case that a point is of weight 1 and a point
is of weight slightly smaller than 1 are the same. This is because a point i of
weight slightly smaller than 1 is not allowed to meet any other point, therefore the
contribution of that point, which is solely in the vertex contribution, is

exp (—;C(P(i))l?i +P¢D’Y(tC(p(i))¢i,x)> = 14+piC(p(0))d(t¢(p(i))4i, ) (mod pj)

This is the point term after suitably renaming p;.
Therefore we can from now on treat points of weight 1 the same way as points
of weight slightly less than 1.
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6.3.2. Edge terms. The factor exp(V¢) of the vertex contribution to the stable
quotient relations contains intersections of classes supported on divisor classes of
Mg(v)’wv. We want to reformulate the relations such that the vertex term only
contains k-, diagonal and 1-classes corresponding to the markings. Some excess
intersection calculations will be necessary to deal with exp(V¢).

Proposition 4. The set of stable quotient relations is equivalent to the following
set of relations: Under the conditions of Proposition 3 it holds

Aui( (HVertex HEd 4C(v1) (w))] )

tr—|E\Idpa
¢: F~>{:|:1}

with
Vertex*s = (9~ 1eXP( CP(v) + {exp(py D)7(tC, )}A(v>)7

where p(yy = Ziep,l(v) p;, and

% exp(—/ (t¢191) = (t¢a2) )+ 8 (11 001 ) +Cad (1),

where 7' is defined in the same way from @ as v is from ®:

B .
/I t2z 1 1 q)
v ;7% +log(@)

H(tr+2)Edge’ " =

(20 —1)

Remark 3. As in Section 4.3.2 we can also write
Vertex = 9~ lexp < {'Y}im + Z { (v Dz 16}A<v>>

The power (* appears because of the t in D = txﬂ.
The proof of Proposition 4 depends on the following lemma.
Lemma 7. For a polynomial f in two variables we have

eXp( Z |A t( )FA *(f(d’aad%))) =

AeDG

exp(—f (¥}, 08 (i + i) — 1
Z |Aut <H ) ’

= ; — (4t + )

where ’(/JZ- are the two cotangent line classes belonging to edge e.

Proof. Formally expanding the left hand side using the intersection formulas, for
example described in [8, Appendix A], we can write it as a sum over stable graphs
(', E). Let us look at the term corresponding to a given graph I'. By contracting
all but one edge of I' one obtains a divisor graph. This process gives a map er :
E — DG. Counting the preimages of er gives a map mr : DG — Ny. In the formal
expansion of the exponential on the left hand side each term also corresponds to a
function o : DG — Nj.

A term contributes to a graph I' if and only if mp < o, of the |o| intersections
|mr| = |E| are transversal and the others are excess. In addition, a contributing
term of the left hand side determines a partition p indexed by E of o = 3 5 pe
such that p.(A) = 0 unless er(e) = A.
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With this we can explicitly write down | Aut(T")| times the I'-contribution as

o 3 I (o)

Hf w(e) w(e))pe er e))( (w(e) + w(e)))pe er(e))—

=t 30 30 I a7 o8 gy
o>mr P
1 € e L e e ) —
=r. HZﬂ( ) =@ )
e i=1
_ (e) (e (e) (e)\y
:&7* HGXP( f( 1_; 26))(1/)1(e)+1/)2 )) 1
e (1/)1 ‘H/)z )

Here the factor (o(A)!)~! comes from the exponential and
H (U (A)>
acpg \P(A)

comes from the choice of which intersections are excess.
Summing the contributions for all T" finishes the proof. O

Proof of the proposition. We will apply the lemma in the case that

2¢—1 2i—1
Bgi Ty -|—(E2

f(xl,xz):—;%(%_l) it

but now we also need to take care of the coloring of the vertices.

For each graph I" € G with a coloring ¢ : I' — {£1} we can construct a new
graph I',..q, its reduction, by contracting all edges of I' connecting two vertices of the
same color. The induced coloring on I',..4 satisfies the property that neighboring
vertices are differently colored. Let us call such a graph reduced. Having the same
reduction also defines an equivalence relation on G.

The idea is now to apply lemma 7 to each vertex of each graph I'. In this way
we get terms at each specialization I of T in the same equivalence class of T'.

Let us collect all the different contributions at a graph IV coming from graphs
I'. Recall the pull-back formula for the k-classes

pv*(glt"{z) =K+ Zdjév

where p, denotes the projection map to the factor corresponding to each vertex v
and the sum is over all outgoing edges at v. This implies that the contributions at
IV all have the same vertex contribution up a sign and a factor

exp(—/(1G1947) = ' (tG2057))
for each edge of I' not in I” 2. The edge terms corresponding to common edges do
exactly coincide. The different factors split into a product over the connected com-
ponents of the graph obtained by removing the edges which need to be contracted
to obtain I"

9"/ appears here instead of v because k_1 = 0 while ¥~ is not defined.
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So let us look at just one connected component I C IV \ I _,. We have to
sum over the possibilities E C E(T") of contracting edges in I'”. We thus have the
contribution

> e ] maget
E(I")=E]]F ecF
10 exp(—f(t¢ol”  1Ci) (t¢uy” + t¢ws?)) —
o —(t¢pt? + )
= H (Edge"< C
e€cE(I")

exp(—f (¢ 1SN (1 + t¢wy?)) —
—(t¢wl + 1wy

L exp(—/(t¢0(®) — o/ (40 )

Lexp(—/(16047) — 7/ (1694)))

H Edge4g’c.

e€E(I")

¢

Because of

Edgeggﬁc = Edge‘*é’7C
we can replace Edge® by Edge* also for the edges connecting differently colored
vertices. O

6.3.3. Variable transformations. Using the results of Section 4.3.3 we can give a
new formulation of the stable quotient relations.
We have

0= [ 1;; 7Au3(F)€F* ((1 + 4y)°r 1:[Vertex5g(v) 1:[ Edge5§(vl)’<(v2))] ,

ur—I|Elydpa
¢T—{x1} vp

with
¢

oo k 0o i
v i CZ %
Vertex” *(9( Lexp | — Zch,juky] +Zﬁ{p(v)5i}i ,
i=1

k=1j=0

cr,j (uCitn)F + (uCarpa)* )y’

Mw

(1/}1+¢ )Ed 5(1742 <1+C2 exp io:

k=1j

I
o

+C101(utb1) + (261 (uCat)z)

and the exponent

r+2d-2 ko |a] r—g+2d—1-]a
TT T 12 2

under the condition of Proposition 3 on 7.

We can assume that er is integral because otherwise the relation is zero since
the term corresponding to a coloring ¢ and the opposite coloring —( exactly cancel
each other in this case.

Next we look as in Section 4.3.4 at the extremal coefficients of this series and
obtain the FZ relations of Proposition 1.
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6.4. Final remarks. Let R(g,w,r;S) denote the relation on Mg,w of Proposi-
tion 1 in codimension r corresponding to S C {1,...,n} viewed as a class in the
formal strata algebra, i.e. the formal Q-algebra generated by the symbols

3 (H Mv> :

where I is a stable graph of Mg,w and the M, are formal monomials in k-, 1- and
diagonal classes, modulo the relations given by the formal multiplication rules for
boundary strata described in [8, Appendix A] and the relations between diagonal
and - classes from 4.2.1. One can describe formal analogs of the push-forwards
and pull-backs along the forgetful, gluing and weight reduction maps.

By the way we have constructed the stable quotient relations, for w/ < w the
push-forward of R(g, w,r; S) via the weight reduction map is R(g, w’, r; S). There-
fore the relations of Proposition 1 are (up to a constant factor) the push-forward
of a subset of Pixton’s generalized FZ relations.

As mentioned in the introduction more relations than in Proposition 1 can be
obtained by taking for a partition o with no part equal to 2 (mod 3) the class

R(g, (w,147),r — [[o/3]; ) [T i/

in A7) (ng(w’lz(g))), where S equals S on the first n markings and is given by the
remainders when dividing the parts of ¢ by 3 on the other markings, and pushing
this class forward to M under the forgetful map. For explicitly calculating this
push-forward it is better to use the usual x-classes &; = 7. (c1(wy(D))*1), which
are related to the k-classes we have used in this article by k; = k; + Z?Zl wji-, in
order to use Faber’s formula for the push-forward of monomials in cotangent line
classes [2]. Let us call these relations R(g,w,r;0,S).

As in [21] even more generally one can look at the Q-vector space Ry w generated
by the relations obtained by choosing a boundary stratum corresponding to a dual
graph T', taking a FZ relation R(g;, w;,r;0,5)M; for any r, S, ¢ and monomial
M; in the diagonal and cotangent line classes on one of the components, arbitrary
tautological classes on the other components and pushing this forward along &r.
Because of the compatibility with the birational weight reduction maps [21, Propo-
sition 1] implies that the system R4 w of Q-vector spaces cannot be tautologically
enlarged, i.e. it is closed under formal push-forward and pull-back along forgetful
and gluing maps as well as multiplication with arbitrary tautological classes.

As in [19] we have thrown away many of the stable quotient relations: We looked
only at the extremal relations in Sections 4.3.4 and 6.3.3. However we should expect
that these additional relations can also be expressed in terms of FZ relations.
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Abstract

Pandharipande-Pixton-Zvonkine’s proof of Pixton’s generalized Faber-
Zagier relations in the tautological ring of M, has started the study of
tautological relations from semisimple cohomological field theories. In this
article we compare the relations obtained in the examples of the equivari-
ant Gromov-Witten theory of projective spaces and of spin structures. We
prove an equivalence between the P'- and 3-spin relations, and more gen-
erally between restricted P™-relations and similarly restricted (m+2)-spin
relations. We also show that the general P™-relations imply the (m + 2)-
spin relations.

1 Introduction

The study of the Chow ring of the moduli space of curves was initiated
Mumford in [11]. Because it is difficult to understand the whole Chow
ring in general, the tautological subrings of classes reflecting the geom-
etry of the objects parametrized by the moduli space were introduced.
The tautological ring R*(M,,,) is compactly described [2] as the smallest
system

R (M yn) C A" (W)

of subrings compatible with push-forward under the tautological maps,
i.e. the maps obtained from forgetting marked points or gluing curves
along common markings.

There is a canonical set of generators parametrized by decorated graphs
[5]. The formal vector space Sy, generated by them, the strata algebra,
therefore admits a surjective map to R*(M,,,) and the structure of the
tautological ring is determined by the kernel of this surjection. Elements
of the kernel are called tautological relations.

In [15] A. Pixton proposed a set of (at the time conjectural) relations
generalizing the relations of Faber-Zagier in R*(M,). Furthermore, he
conjectured that these give all tautological relations. The first proof [13] of
the fact that the conjectural relations are actual relations (in cohomology)
brought cohomological field theories (CohFTs) into the picture.



A CohFT on a free module V of finite rank over a base ring A is a
system of classes 24, behaving nicely under pull-back via the tautological
maps. A CohFT can also be used to give V the structure of a Frobenius
algebra. The CohFT is called semisimple if, after possible base extension,
the algebra V' has a basis of orthogonal idempotents.

For semisimple CohFTs there is a conjecture by Givental [3] proven
in some cases by himself and in full generality in cohomology by Teleman
[16], giving a reconstruction of the CohFT from its genus 0, codimension
0 part and the data of a power series R(z) of endomorphisms of V. The
formula naturally lifts to the strata algebra.

To get relations from a semisimple cohomological field theory we can
use that the reconstructed CohFT of elements in the strata algebra is
in general only defined over an extension B < A. However since we
have started out with a CohFT over A, this implies that certain linear
combinations of elements in the strata algebra have to vanish under the
projection to the tautological ring.

This procedure was essentially used in the proof [13] in the special
example of the CohF'T defined from Witten’s 3-spin class. There the base
ring is a polynomial ring in one variable but the reconstructed CohFT
seems to have poles in this variable.

In [14] (in preparation) the authors construct tautological relations us-
ing Witten’s r-spin class for any » > 3. Given a list of integers a1,...,an €
{0,...,r — 2}, Witten’s class Wy »(a1,...,an) is a cohomology class on
M., of pure degree

(-2 D+X0 0

Dg,n(ah .. 'aan) =

Witten’s class can be “shifted” by any vector in the vector space {(eo, ...,
er—2) to obtain a semisimple CohFT. In practice, the authors use two
particular shifts for which the answer can be explicitly computed. Shifted
Witten’s class is of mixed degree: more precisely, the degrees of its com-
ponents go from 0 to Dy »(a1,...,a,). On the other hand, the Givental-
Teleman classificiation of semisimple CohFTs gives an expression of the
shifted Witten class in terms of tautological classes. The authors conclude
that the components of this expression beyond degree Dy (a1, ...,an) are
tautological relations.

This article studies how relations from spin structures are related to the
relations obtained from the CohFT defined from the equivariant Gromov-
Witten theory of projective spaces. The following two theorems are our
main results.

Theorem 1 (rough version). The relations obtained from the equivariant
Gromov- Witten theory of P™ imply the (m + 2)-spin relations.
Theorem 2 (rough version). A special restricted set of relations from
equivariant P™ is equivalent to a corresponding restricted set of (m + 2)-
spin relations. For P* and 3-spin no restriction is necessary.

Since for equivariant P™ the reconstruction holds in Chow, Theorem 1
implies that the higher spin relations also hold in Chow.

We will give strong evidence that the method of proof for Theorem 2
cannot directly be extended to an equivalence between the full P™- and



(m + 2)-spin relations for m > 2. Possibly, there are more P™- than
(m + 2)-spin relations.

Any of the theorems gives another proof of the fact that Pixton’s
relations hold in Chow. In fact, the proof of Theorem 1 in the case m =1
is essentially a simplified version of the author’s previous proof in [8].

This article does not give a comparison between relations from CohFTs
of different dimensions, nor does it consider all relations from equivariant
P™. On the other hand, if indeed Pixton’s relations are all tautological
relations, the 3-spin relations have to imply the relations from any other
semisimple CohFT. Yet, for example it not clear how the 4-spin relations
can be written in terms of 3-spin relations.

The article is structured as follows. In Section 2 we give definitions of
CohFTs, discuss the R-matrix action on CohFTs and the reconstruction
result. We then in Section 2.5 turn to the two examples of equivariant
P™ and the CohFT from the A,,+1-singularity. In Section 2.6 we describe
the general procedure of obtaining relations from semisimple CohFTs and
general methods of proving that the relations from one CohFT imply
the relations from another. We then state precise versions of Theorem 1
and 2. Section 3 discusses explicit expression of the R-matrices in both
theories in terms of asymptotics of oscillating integrals. The constraints
following from these expressions will be used in the next sections. We also
note a connection to Airy functions. Section 4 and Section 5 give proofs
of Theorem 1 and 2. Finally, Section 6 gives evidence why, with the
methods used in the proofs of the theorems, an equivalence between P™-
and (m+2)-spin relations cannot be established. Since the reconstruction
result of Givental we use to get relations in Chow has never appeared
explicitly in the literature, we recall its proof in Appendix A.
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2 Cohomological field theories
2.1 Definitions

Cohomological field theories were first introduced by Kontsevich and Ma-
nin in [10] to formalize the structure of classes from GW-theory. Let A
be an integral, commutative Q-algebra, V' a free A-module of finite rank
and 7 a non-singular bilinear form on V.



Definition 1. A cohomological field theory (CohFT) Q on (V,7) is a
system .
Qg.n € A"(Mg,n) ®0 (V*)®n

of multilinear forms with values in the Chow ring of M, satisfying the
following properties:

Symmetry 2, is symmetric in its n arguments

Gluing The pull-back of Qg , via the gluing map
Mglynﬁ-l X Mgzmz-’-l - Mg,n

is given by the direct product of Qg, n,+1 and Qg, ny+1 with the
bivector 7! inserted at the two gluing points. Similarly for the
gluing map My_1n+2 — Mg, the pull-back of €, is given by
Qy—1,n+2 with 7! inserted at the two gluing points.

Unit There is a special element 1 € V called the unit such that
Qgnt+1(v1,. .., v, 1)
is the pull-back of Qg n(v1,...,v,) under the forgetful map and
Qo,3(v,w, 1) = n(v, w).

Definition 2. The quantum product (u,v) — wv on V with unit 1 is
defined by the condition

n(uv, w) = Qo,3(u, v, w). (1)

Definition 3. A CohFT is called semisimple if there is a base extension
A — B such that the algebra V ® 4 B is semisimple.

2.2 First Examples

Example 1. For each Frobenius algebra there is the ¢rivial CohFT (also
called topological field theory or TQFT) Qg ., characterized by (1) and
that

Qg € A"(Mgn) ® (V)®".

Let us record an explicit formula for Appendix A: In the case that the Fro-
benius algebra is semisimple, there is a basis €; of orthogonal idempotents
of V and

where Ai_l = n(ei, €;), is a corresponding orthonormal basis of normalized
idempotents. We have

-1 .
S AT ifn=0,
J T4
5 _ 2g—2%n
Qgn(&yy. s &,) = A2, = =g,

0, else.

Example 2. The Chern polynomial ¢:(E) of the Hodge bundle E gives a
1-dimensional CohFT over QJ[¢].



Example 3. Let X be a smooth, projective variety such that the cycle
class map gives an isomorphism between Chow and cohomology rings. Let
A = Q[¢”] be its Novikov ring. Then the Gromov-Witten theory of X
defines a CohFT based on the A-module A*(X) ® A by the definition

ngn(vl, R ,’Un) = ZTK’* (H evz< (Ul) n [Mg,n(X, 6)]1}17“) q/B7
B

i=1

where the sum ranges over effective, integral curve classes, ev; is the i-th
evaluation map and 7 is the forgetful map 7 : My (X, 8) = Mgy,n. The
gluing property follows from the splitting axiom of virtual fundamental
classes. The fundamental class of X is the unit of the CohFT and the
unit axioms follow from the identity axiom in GW-theory.

For a torus action on X, this example can be enhanced to give a CohF'T
from the equivariant GW-theory of X.

2.3 The R-matrix action

Definition 4. The (upper part of the) symplectic loop group is defined
as the subgroup of the group of endomorphism valued power series R =
1+ O(z) in z satisfying the symplectic condition

n(R(z)v, R(—z)w) = n(v,w)
for all vectors v and w.

An action of this group on the space of CohFT's makes it interesting for
us. In its definition the endomorphism valued power series R is evaluated
at cotangent line classes and applied to vectors.

Given a CohFT Qg , the new CohFT RS, , takes the form of a sum
over dual graphs I'

1 1
Rngn(’Ula...,Un) = E 7Aut(f‘)€* <| | E k!E*ngnv+k(...)> s
T v k=0

where £ : T], My, n, — Mg, is the gluing map of curves of topological
type I from their irreducible components, € : Mg, n,+x — Mg, n, forgets
the last £ markings and we still need to specify what is put into the
arguments of [], Qg n,+k,-

e Into each argument corresponding to a marking of the curve, put
R™'(y) applied to the corresponding vector.

e Into each pair of arguments corresponding to an edge put the bivec-
tor

R ()n 'R (¢2)" — 7!
—1 — P2
where one has to substitute the i-classes at each side of the normal-

ization of the node for 11 and 2. By the symplectic condition this
is well-defined.

€ Hom(V*, V) [h1, ¥a2] = VE[9h1, 2],




e Into each of the additional arguments for each vertex put

T() :=9(1 - R ()1,

where 9 is the cotangent line class corresponding to that vertex.
Since T'(z) = O(z?) the above k-sum is finite.

Reconstruction Conjecture (Givental). The R-matriz action is free
and transitive on the space of semisimple CohFTs based on a given Fro-
benius algebra.

Theorem 3 (Givental[3]). Reconstruction for the equivariant G W-theory
of toric targets holds in Chow.

Theorem 4 (Teleman[16]). Reconstruction holds in cohomology.

Remark 1. Givental’s original conjecture was only stated in terms of the
descendent integrals of the CohFT and there is no explicit proof of Theo-
rem 3 in the literature. Therefore in Appendix A we recall the well-known
lift of Givental’s proof to CohFTs.

Example 4. By Mumford’s Grothendieck-Riemann-Roch calculation [11]
the single entry of the R-matrix taking the trivial one-dimensional CohFT
to the CohFT from Example 2 is given by

= Ba; 241
xp (Z; 5 —1) ) > ’

where Ba; are the Bernoulli numbers, defined by

> LE
;0 T e 1'

More generally, if we consider a more general CohFT given by a product
of Chern polynomials (in different variables) of the Hodge bundle, the
R-matrix from the trivial CohFT is the product of the R-matrices of the
factors.

2.4 Frobenius manifolds and the quantum differ-
ential equation

There is a natural way to deform a CohFT €, ,, on V over A to a CohF'T
over A[V]. For a basis {e,} of V let

b= Ztﬂeu

be a formal point on V. Then the deformed CohFT is given by

1
Qg’n(vl,...,vn Zk— Qgntk(Vi, ..o, Un, Dy ..., D).

Notice that the deformation is constant in the direction of the unit.
The quantum product on the deformed CohFT gives V the structure
of a (formal) Frobenius manifold [1]. The e, induce flat vector fields on



V' corresponding to the flat coordinates t". Greek indices will stand for
flat coordinates with an exception stated in Section 2.5.

A Frobenius manifold is called conformal if it admits an Fuler vector
field, i.e. a vector field E of the form

0
E= E (apt® Jrﬁu)@»
o

such that the quantum product, the unit and the metric are eigenfunctions
of the Lie derivative Lg with eigenvalues 1, —1 and 2—¢ respectively. Here
¢ is a rational number called conformal dimension. Assuming that A itself
is the ring of (formal) functions of a variety X we say that the Frobenius
manifold is quasi-conformal if there is vector field E on X x V satisfying
the axioms of an Euler vector field.

A CohFT Qg is called homogeneous (quasi-homogeneous) if its Fro-
benius manifold is conformal (quasi-conformal) and the extended CohFT
is an eigenvector of of Lg of eigenvalue (g—1)d+n. As the name suggests
CohFTs are homogeneous if they carry a grading such that all natural
structures are homogeneous with respect to the grading.

We say that the Frobenius manifold V' is semisimple if there is a basis
of idempotent vector fields €; defined after possible base extension of A.
The idempotents can be formally integrated to canonical coordinates u;.
We will use roman indices for them. Let u be the diagonal matrix with
entries u; and ¥ be the transition matrix from the basis of normalized
idempotents corresponding to the u; to the flat basis e;.

The R-matrix from the trivial theory to QP satisfies a differential equa-
tion which is related to the quantum differential equation

.0
ate

for vectors S;. We assemble the S; into a matrix S.

Sj:t?a*Sj

Proposition 1 (see [4]). If V is semisimple and after a choice of canon-
ical coordinates u; has been made, there exists a fundamental solution S
to the quantum differential equation of the form

S = WRe"?, (2)

such that R satisfies the symplectic condition R(z)R'(—z) = 1. The matriz
R is unique up to right multiplication by a diagonal matriz of the form

exp(aiz + asz> +asz® + - - - )

for constant diagonal matrices a;.

In the case that there exists an Fuler vector field E, there is a unique
matriz R defined from a fundamental solution S by (2) which satisfies the
homogeneity
d
dz
Such an R automatically satisfies the symplectic condition.

z—R+LegR=0.

Remark 2. The matrix R should be thought as the matrix representa-
tion of an endomorphism in the basis of normalized idempotents. The
symplectic condition in Proposition 1 is then the same as in Definition 4.



Remark 3. The exponential in (2) has to be thought as a formal expres-
sion. All the quantities in Proposition 1 are only defined after base change
of A necessary to define the canonical coordinates.
Remark 4. The quantum differential equation is equivalent to the differ-
ential equation

[R,du] + 20 'd(WR) =0 (3)
for R.

In the conformal case Teleman showed that the uniquely determined
homogeneous R-matrix of Proposition 1 is the one appearing in the re-
construction, taking the trivial theory to the given one.

Equivariant projective spaces P™ only give a quasi-conformal Frobe-
nius manifold. However Givental showed, and we will recall the proof in
Appendix A, that in this case in the reconstruction one should take R
such that in the classical limit ¢ — 0 it assumes the diagonal form

R|g=0 = exp(diag(bo, . . ., bm)), (4)
where, using the notation from Section 2.5,

o B » 2i—1
bj = ‘ :
’ ;m(m—l)z(/\l—,\j)

1]

The R-matrix is uniquely determined by this additional property and the
homogeneity.

2.5 The two CohFTs

The cohomological field theory corresponding to the A,,ti-singularity
f(X) = X™"?/(m+2) is defined using Witten’s (m 4 2)-spin class on the
moduli of curves with (m + 2)-spin structures. See [13] for a discussion of
different constructions of Witten’s class. In comparison to [13] we use a
different normalization for Witten’s class and a different basis for the free
module in order to have a more direct comparison to the P™-theory.
The CohFT is based on the rank (m + 1) free module of versal defor-
mations 2
fo(X) = mr2
of f. In this article, using the deformation from Section 2.4, we will view
the CohFT as being based on

ka, .. =Q[t,...,t"],

the space of regular functions on the Frobenius manifold where the #°-
coordinate vanishes. Because of dimension constraints we do not need to
look at formal functions, and because the CohFT stays constant along the
t® direction we can restrict to the (t° = 0)-subspace.

The algebra structure is given by ka,, ., [X]/(f;), where X* corre-
sponds to %. The metric is given by the residue pairing

1 ab

"X X+




Written as a matrix in the basis 1,..., X™, the metric  has therefore
zeros above the antidiagonal, ones at the antidiagonal and again zeros in
the first antidiagonal below it. Notice also that 1 has no dependence on
t'. Therefore, while the t* do not give a basis of flat vector fields on the
Frobenius manifold, there is a triangular matrix independent of ¢!, sending
the 1,..., X™ to a basis of flat vector fields such that X is mapped to
itself. With this we can pretend that the t* were flat coordinates if we
consider in the quantum differential equation only differentiation by t.

For (C*)™*'-equivariant P™ the CohFT is based on the equivariant
Chow ring

Aeys (P™)[a] & ke [H]/ T[(H = Ao,
i=0
of P, an (m + 1)-dimensional free module over

kem = Q[Xo, ..., Am][d],

and depends on the Novikov variable ¢ and the torus parameters A;. We
will not consider the deformation from Section 2.4. The algebra structure
is given by the small quantum equivariant Chow ring

QA s (B™) = kim [H]/ (H(H ~n) - q)

and the pairing is the Poincaré pairing

1 ab
o) = 5 f fp =y

in the equivariant Chow ring.

To match up this data we set

X =H — ),
m—1 m
X'm+1 + Z(u+ 1)tﬂ+1Xﬂ :H(X + 5\ _ )\1) —q,
pn=0 1=0

where

- LIS W
)\:;m—i—l'

So in particular N
th=—g+J[A=X)=—q—1
and we have described a ring nzzg
D :ka,, [N = kpm,

whose image are the polynomials, symmetric in the torus parameters and
vanishing if all torus parameters coincide. Therefore, after base extension,
the Frobenius algebras from the A,,41-singularity and equivariant P™
match completely up.



On the P™-side, let Q; be the power series solution to
[Tv+x=x)=¢
i=0

with limit A; — X as ¢ — 0. In particular, the Q; are solutions to

m—1
y™mt 4 Z (n+ 1)ty

n=0

On the A,,+1-side, let the Q; be the solutions to this equation in any
order. On both sides we can then define

m—1

A=TQ = Q) = (m+1)QF" = > (n+ Dut Qe
J#i n=1

and the discriminant

disc = HAi € kA

The choice of the Q; gives a bijection between the idempotents
€ — Hj;&i(X - QJ)
[ A»L .

We will also need to make a choice of square roots of the A; to be able to
define the normalized idempotents

- Hj;ﬁi(X - QJ)
€ = 7\/5 .

The Ay, +1-theory is conformal with Euler vector field
i m+2—i, O
~ m+ 2 at“ ’
while the equivariant P"*-theory is semi-conformal with Euler vector field
E = 1)q Ni=——
(m+ -I- Z 8 N

2.6 Relations from CohFTs

Let 2 be a semisimple CohFT defined on V over A. Formal properties
of the reconstruction theorem will imply tautological relations. The main
point is that the R-matrix from the trivial theory written in flat coordi-
nates lives only in

End(V ®4a B)[z],

for some Q-algebra extension B of A. Let C be the A-module quotient
fitting into the exact sequence

0-A-BLC—o. (5)

n our examples B = A[disc™

1}‘

10



The reconstruction gives elements
Qgn € Sgn @ (VT)*" @ B.

However since we have started out with a CohFT defined over A, we know
that the projection of

p(ﬁgyn) €Sgn ® (V*)®n ®C

to R*(My.,)®(V*)®"®C has to vanish?. Since C is a Q-vector space, we
obtain a system of vector spaces T, ;Zn of relations. The complete system
T{?n of tautological relations obtained from the CohFT ) is the vector

space generated by
Q
£*(7r*(Tgl,n1+mP) X 8927"2 XX SQka"k):

where P is the vector space of polynomials in t-classes, and &, and 7.
are the formal analogues of the push-forwards along gluing and forgetful
maps.

We say that a vector space of tautological relations T}, implies an-
other T;’,L if the vector space, obtained from 7, by the completion pro-
cess as described right above, is contained in T} ,. Using this definition
we can also define an equivalence relation between vector spaces of tau-
tological relations.

Let us describe two relation preserving actions on the space of all Coh-
FTs on V over A. The first is an action of the multiplicative monoid of
A. The action of ¢ € A is given by multiplication by ¢? in codimension
d. This replaces the R-matrix R(z) of the theory by R(yz). Since mul-
tiplication by ¢ is well-defined in C, relations are preserved. The second
action is the action of an R-matrix defined over A.

The second action automatically proves equivalence of relations since
R-matrices are always invertible. Similarly, the first action proves equiv-
alence if ¢ is invertible.

Ezxtending scalars also preserves relations. By this we mean tensoring
Q with A — A’ under the condition that this preserves the exactness of
the sequence (5). We call the special case when A’ = A/I for some ideal
I of A alimit. If C — C ®4a A’ is injective, extending scalars proves an
equivalence of relations.

Let us again state our now well-defined results.

Theorem 1. The relations from the equivariant Gromov- Witten theory of
P™ imply the (m+2)-spin relations, both CohFTs as defined in Section 2.5.

The main statement necessary to be proven here is that the R-matrix
for P™ after replacing z — zA~! admits the limit A™! — 0 and that this
limit is the R-matrix for the A,,41-theory. In order for this to make sense,
one uses the matchup from Section 2.5 and views both as being defined
over

Qos -+, Amy glA ]
In Section 3 we will see that for both original theories to define the R-
matrix it is enough to localize by disc. So the extension of scalars does
not lose relations.

2 Assuming that reconstruction holds in this case.

11



Motivated from Section 3.1 let us call the limit ¢, ...,t™ = 0 the Airy
limit. For P™ the Airy limit concretely means, assuming the sum of all
torus weights is zero, that we restrict ourselves to the case that up to a
factor the torus weights are the (m + 1)-th roots of unity.

Theorem 2. In the Airy limit the P™- and (m + 2)-spin relations are
equivalent.

The main point for the proof is to show there is a series

© €XQ[t'A'],

and an R-matrix R without poles in disc such that the Airy limit P"*-R-
matrix is obtained from the Airy limit A,,4+1-R-matrix by applying the
transformation z — zy, followed by the action of R. We will show in the
proof that there is only one possible choice for ¢. For Theorem 2 both
theories can be viewed as living over

Q[Aoy -+ s A, AT 4 g+ NP ™).

In Section 6 we will give evidence that the method of proof of Theo-
rem 2 does not work outside the Airy limit. What we will show is that
assuming a procedure as in the proof of Theorem 2 exists and is well-
defined in the Airy limit, the information that ¢ was unique in the limit
implies that the R-matrix in the R-matrix action cannot be defined over
the base ring.

Relations from degree vanishing

The more classical way of [13] and [14] to obtain tautological relations
works by considering cohomological degrees: Assume that 2 is in addi-
tion quasi-homogenous for an Euler vector field E and that all §; vanish
and all «; are positive. Then the quasi-homogeneity implies that the
cohomological degree of Qg,n(a%, cey at%) is bounded by
(g — 1)5+n—Zo¢ij.

J

However the reconstructed theory might also contain terms of higher coho-
mological degree. These thus have to vanish, giving tautological relations.

Notice that these relations coming from degree considerations are im-
plied from the relations we have described previously: With respect to
the grading on B induced by the Euler vector field, no element of A has
negative degree. Therefore the negative degree parts of B and C are iso-
morphic. Thus, the homogeneity of the CohFT implies that the degree
vanishing relations are obtained from the previous relations by restricting
to the negative degree part of C.

The way of obtaining tautological relations by looking at poles in the
discriminant has already previously been studied by D. Zvonkine.

12



3 Oscillating integrals
3.1 For the A,,, -singularity

We want to describe the A,,41-R-matrix in terms of asymptotics of os-
cillating integrals. For the purposes of this article the integrals can be
treated as purely formal objects.

The quantum differential equation with one index lowered says that

1o}
zﬁsﬂk =S(u+1)k> for p < m,
a m—1
zﬁsmk =- Z (u+ 1)tu+15uk7
pn=0

where the Greek indices stand for components in the basis of the X*. It
is not difficult to see that the oscillating integrals

ﬁ / o exp(fi(x)/2)dz,

where f; as before is the deformed singularity, for varying cycles I'y, if
convergent, provide solutions to this system of differential equations, and
also satisfy homogeneity with respect to the Euler vector field.

For generic choices of parameters, to each critical point Q) there corre-
sponds a cycle I'y, constructed via the Morse theory of R(f;(z)/z), which
moves through that critical point in the direction of steepest descent and
avoids all other critical points. By moving to the critical point and scaling
coordinates we obtain

uy/z _\1/2 H
e S0 [ (22 )
27TAk Ak

m+2 g (1—-2)/2 ()
Ll ) [ (Qr)
exp (— Z 1 tAz/z dz,
=2 k

where ur = fi(Qr). By the method of steepest descend, we obtain the
asymptotics as z — 0 by expanding the integrand as a formal power
series in z and integrating from —oo to co. Since the (I = 2)-term in the
sum is —x?/2, we can use the formula for the moments of the Gaussian
distribution to write the asymptotics of \/Aikefu’“/zSuk as a formal power
series in z with values in ka, ., [Qr, Ay ']

The entries of the R-matrix are then given by

1 /2 1o}
Rikx\/fe w/ H(ﬁ*Qj)SOk-

i

Noticing that the change of basis from normalized idempotents to the
basis 1, X,...,X™ can be defined over ka,,,, [Qk,Agl/Q], recalling that
disc = [[ A; and applying Galois theory, we see that the endomorphism
R is defined over ka,, ., [disc™'].

13



In the Airy limit t2,...,t™ — 0 the quantum differential equation
becomes the slightly modified higher Airy differential equation [9]

8 m—+1
<Zﬁ> Sor = —t" Sox.

The entries of the R-matrix in this case are therefore related to the asymp-
totic expansions of the higher Airy functions and their derivatives when
their complex argument approaches oco.

In the case of the As-singularity we do not need to take any limit
and discover the hypergeometric series A and B of Faber-Zagier in the
expansions of the (slightly modified) usual Airy function

e%(t1)3/2/z (%thlI)/Zd 3 1 o _Jj ) Jj — |
V=2rz Jr,* T Vama ) TP\ T a9
1 o= (66— D)/ —z\ o (64)! —z \!
~ VA Z (24)! (9A3 A Z (34)!(24)! (72A3)

and a derivative of it

e%(t1)3/2/z xe(éﬂlz)/zdmv Mi (62)! 1+6i( —z )Z
V=2rz Jr, VA 2 (30)!(20)! 1 - 60 \T2A3)

Here A = 2v/—t!. The cycle I'y determines which square-root of (—t')
we take.

3.2 For equivariant P

Givental [3] has given explicit solutions to the quantum differential equa-
tion for projective spaces in the form of complex oscillating integrals. Let
us recall their definition and see how they behave in the match up with
the (m + 2)-spin theory.

Using the divisor axiom of Gromov-Witten invariants, the quantum
differential equation implies the differential equations

for the fundamental solutions S; at the origin. Here we have written
D= zqa%. Equivalently, the equation says

D(Sieln(qp\i/z) — Hx Sieln(q))\i/z.
Therefore the entries of S with one index lowered satisfy
(D — ;\) (Suieln(Q)Ai/Z) _ S(M+1)i€1n(q>>\i/27

where S(y,41); is defined such that
H(D _ )\j)(SOieln(q)ki/z) — QSOieln(q»\i/z.

j=0

14



The Greek indices stand for the basis of flat vector fields corresponding
to 1, H— M\ ...,(H—X\"

Givental’s oscillating integral solutions for Sp; are stationary phase
expansions of the integrals

SO¢eln(q)>‘i/z _ (—271'2)7"1/2 eFi(M/z
T C{X Tj=Ingq}

along m-cycles I'; through a specific critical point of F;(7T) inside a m-
dimensional C-subspace of C™*!, where

Fi(T) = i(eTJ‘ + \T5).
j=0

J

The form w is the restriction of d7p A - -+ A dTy,. To see that the integrals

are actual solutions, notice that applying D — A; to the integral has the

same effect as multiplying the integrand by e%i.

There are m+1 possible critical points at which one can do a stationary
phase expansion of Sp;. Let us write P, = Q; + A for the solution to

m

H(X—Az') =q

=0

with limit A; as ¢ — 0. For each i we need to choose the critical point

e’i = P; — )\; in order for the factor

exp(u;/z) := exp <<Z(PZ =X+ N In(P =) — N ln(q)) /z)

of Sp; to be well-defined in the limit ¢ — 0. Shifting the integral to the
critical point and scaling coordinates by /—z we find

Soi = evil? /exp <_ Z(Ql _ ;\j) .- W) dps
j k=3
for the conditional Gaussian distribution
_ T2
d/.h‘ = (27‘()_m/2 exp (— Z(Q, — )\J)2]> w.
J
The covariance matrices are given by

gy @i—%),  fork#1
Zm#k ngz{k,m}(Qi —j), fork=I.

1

oi(Ty, T1) = A, {

From here we can see that the integral is symmetric in the 5\j and therefore
we can write its asymptotics as z — 0 completely in terms of data from
Am+1. Since odd moments of Gaussian distributions vanish we find that
e*ui/ZS’Oi is a power series in z with values in Ai_l/QkAmH Q:, Ai_17 Al

15



So the entries of the R-matrix in the basis of normalized idempotents
are given by
ASPTT@ + X = Py) (€777 S0).
i#k
dp;

Since = L these entries are in
dg A

ka1 [Qoy ey Qmy A 2, AL

So, with the arguments from Section 3.1, the endomorphism R can be
defined over kpm [disc™].

We need to check that the R-matrix given in terms of oscillating in-
tegrals behaves correctly in the limit ¢ — 0. By definition, in this limit
P — )\ By symmetry it is enough to consider the 0-th column. Set
T =e Ti  Then

U z - d
L%E%R]o = hn%e 0/FA, UQH(ZQCT—F)\J- — k) Soo
k#j

~ Jim e"u0/z /e(zk(eTk‘ ~(Ao=AR)Tk))/ 2+ e The

40 /Do (—2m2)m/2
q
e~ uo0/z / (kgo(mk*(/\ofkk)Tk)+kl-[7,%)/z m
S #0 1z A dzs.
qHO VA (—2mz)m/2 ki ket
In the last step we have moved to the chart

q

ro = —w—.
[0 %5

Since in this chart limy—0 20 = 0, we have that R;o vanishes unless j = 0.
On the other hand in the limit ¢ — 0 the integral for Roo splits into
one-dimensional integrals

7u0/z
lim Ry < lim —— / (@=Qo=A)In(@)/2 g,
a0 07 g0 \/7 —2mz)m/2 kl;IO
Let us temporarily set z = —z/(Ao — Ax). The prefactors also split into

pieces in the limit and we calculate the factor corresponding to k to be

1—In(Ag—A z < 1-In(1/z z
w eE= Qo= Ap) In(@))/z 4. wr (1 i)
—2mz(XAo — Ak) ) v2m/a *

(1=-In(1/zy))/ 2k i 201
= R I (i) = exp Z Ba ( z ) s
V212, 2k — 2020 — 1) \ A\x — Ao

using Stirling’s approximation of the gamma function in the last step. So
the product of the factors gives the expected limit (4) of Roo for ¢ — 0.
This calculation gives a proof for the results [7] of Ionel on the main
generating function used in [12] and [8] without having to use Harer’s
stability results.
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4 P relations imply (m+2)-spin relations

We prove Theorem 1 in this section. As already mentioned, for this it
is enough to show that, after the change z — zA~!, the P™-R-matrix
converges to the A,,+1-R-matrix in the limit A — oo. For this we have to
compare the differential equations satisfied by the R-matrices.

Inserting the vector field corresponding to the hyperplane into (3) and
using the divisor equation as in Section 3.2 gives the equation

%RM _o, (6)

FRpm + zq\If1

d
[Rpm, &] + 2q a4 %)

where ¢ denotes the diagonal matrix of quantum multiplication by H — X.

Lemma 1. Rpm (z/)) admits a limit R for A — co. The matriz R satisfies

dR _1dV
Zd£+ m+2_Mt“d£:0

dz m+ 2 der
p=1

Proof. The P™-R-matrix satisfies the homogeneity property

m

dR]P’m dR]pm dR]pm
— 1 i
a=q H(m+1)g dq +;,\ T

=0.

So R'(z) := Rpm(z/\) written with the A,,1-variables satisfies

dr’ dR | <& LdR
(m+2)z—— + (m+ DA5 +;(m+2—,u)t S =0

The main differential equation satisfied by R’ is

t*\ dR’ ¢! _,d¥

From the expression of Rpm in terms of oscillating integrals we know that
the entries of the z*-part R, of R live in

A ka1 [Qos -y Quy AP AL A

To show that the limit exists we need to show that A occurs in no positive
power. We will show this by induction by i. It certainly holds for Ry =
1. Since ¢ is diagonal with pairwise distinct entries Q;, the z‘-part of
the differential equation determines the off-diagonal coefficients of R; in

terms of R;_;. Because ¥~ '9¥ does not depend on ), the off-diagonal

de!
coefficients of R} will admit the limit A — oo. Since \Ilfl%

1 part of the

in general
vanishes on the diagonal the diagonal coefficient of the z
differential equation determines the diagonal of % from the off-diagonal
entries of R;. Apart from a possible term constant in ¢! we therefore know
that also the diagonal entries of R, admit the limit.

Let us consider such a possible ambiguity a;. Since all products of A;
have dependence in t!, the “denominator” of a; can only be a power of A

17



less than i. However then a; cannot possibly satisfy the homogeneity. By
induction therefore the limit R exists. The properties of R easily follow
from the corresponding ones of R'. O

By inserting the vector field % into (3) and similar arguments as in

the proof of Lemma 1 one can show the following lemma.

Lemma 2. The A +1-R-matriz is uniquely determined from the differ-
ential equation

dRa, .,

[RAm+1 ) ﬂ +z dit z dit m—41

:07

the homogeneity
ZdRAm+1 + Z m + 2 — 'U’tHdRA”m‘Fl

=0
dz m + 2 der

n=1

and that the entries of the z-series coefficients of Ra should lie in

m+1

lc,axT)AbJrl[C,Q(),...,Qm’Agl/z7 y .7A7—nl/2}.

The lemmas imply that the modified P"*- R-matrix contains only non-
positive powers of A and the part constant in A equals the A,,+1-R-matrix.
Therefore the A,,+1-relations are contained in the modified P™-relations
as the A%part, and we have completed the proof of Theorem 1.

5 Equivalence of relations

We want to give a proof of Theorem 2 in this section. So we will consider
the CohFTs in the Airy limit, i.e. with all #* but ¢ := ¢! set to zero. In
this limit the metric becomes n(X* X7) = 61 j.m, the quantum product
stays semisimple and the Euler vector field for the A,,-singularity

m+1 0

- m+2 ot
is a multiple of X.

Rewriting (6) for the P™-R-matrix Rpm = URpm U™ written in flat
coordinates gives

[R]PM,g} - ZqLERJPm + ZqR]pm,u, = 07

where ¢ is multiplication by E in flat coordinates and y = —(Lg¥)¥ ™!,
We need to find a series ¢ in ¢t and an R-matrix R sending the modified
A t1-theory to equivariant P™:
Rpm (2) = R(2) R, (29)-

We know that RAm+l satisfies

[RAerl ) 5] + ZLERAm+1 - ZRAm+1M =0

18



and the weighted homogeneity condition

d - -
(z& + LE) RAm-H + [/’L7RAm,+1] =0.
Putting these together we find that R must satisfy

L
0=[R,&] — 2qLER + zq EP

Ry
1 L ~ ~
+ 2 (q +o - q%w) R[Ra,,,, (2¢),6]Ra, ., (2¢).

Lemma 3. The series RAm+1§RZ.,1,l+1 is not a polynomial in z.

Because of the lemma and the homogeneity of RAm 41 Wwe see that in
order for R to exist in the limit disc — 0 the function ¢ has to satisfy

L
g+p—g"2X =0
¢

or equivalently
N
There is a unique solution ¢~ ' to this differential equation. Concretely,

we have
oo

—1 —1 m + 2 t i
= _ (-2 .
v ;m+2+z‘(m+1)( )\)
Since it is not necessary for the proof of Theorem 2, we will prove Lemma 3
in Section 6.

Let us from now on assume that ¢ is this solution. Then the differential
equation for R spells

L
[R,&] — 2qLeR + 2q th Ru=0. (7)

The following lemma implies that the matrix Rpm (;:)]36;‘7171+1 (z¢) does
not have any poles in ¢ and this concludes the proof of Theorem 2.

Lemma 4. For any solution R(z) of (7) of the form

oo

R(z) =) (Rj)z' = 1+0(2),

i=0
for Laurent series R;k i t, actually all the R;k have to be polynomials.

Proof. The matrices £ and p can be explicitly calculated

m+1
m + 2

2j —m 5.
2(m+2) "

Lk =t i1 (=)0, g =
where all indices are understood modulo (m + 1).

Assume that we have already constructed R*™! and its entries have no
negative powers in ¢. Looking at the z'-part of (7) gives expressions for

R;<k+1>§(k+1)k — fj(j—l)RfjA)k as power series with no poles in ¢. From
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here we see that if we can determine the R;O as power series with no poles,
then the other entries are given by

R;’k = (7t)6k>jR’éj—lc)0

modulo terms with no poles in ¢, determined from R‘~!. The exponent
Or>; is 1 for k > j and 0 otherwise.

From the z*™'-part of (7) we then get expressions with no poles in ¢
for )
R
dt
thus determining all Rj-o but R, up to a constant. Therefore all the R; &
are polynomials in . (I

d i
(m4+1)t + j R0,

Remark 5. The derivation in this section would have worked the same if
q was any other invertible power series in t.

6 Higher dimensions

We would like to show that for m > 1 there is no pair of function ¢ and
matrix power series R(z), both well-defined in the limit disc — 0, such
that R R

Rpm (2) = R(2)Ra,, . (2¢9), (8)

where again R, = WR,¥~!. We will need to assume that that @ is well-
defined in the Airy limit. Then we can use the discussion from Section 5
to derive that ¢ is of the form

o=A+coX Feo N4

where the ¢; are independent of A and c_; in the Airy limit becomes a
constant multiple of (¢*)?. For the uniqueness of ¢ we needed Lemma 3.

Proof of Lemma 3. Recall that we have to show that P := RAmeR;jnH

is not a polynomial in z. From the differential equation for RAm+1 we
obtain a differential equation for P.

[P,e) =20 ~ =[P4
By definition we also have the initial condition P|.—oq = £. Write P =
E+ 2P+ 22Py+---. The homogeneity condition for RA,,,, 1 implies that
the only nonzero entries of P; are at the (i — 1)-th diagonal, where by this
we mean the entries on j-th row, k-th column such that k —j =7 —1
(mod m + 1).

Assume we have shown that P; # 0 has a nonzero entry on the (i —1)-
th diagonal row. Recalling the proof of Lemma 4 we see that essentially
the differences of two subsequent entries in the i-th diagonal of Py, are
a multiple of an entry on the (¢ — 1)-th diagonal of P;. Since the absolute
value of any entry of u is less than %, all of these multiples are nonzero.
Therefore it is impossible for all entries on the i-th diagonal of P;;+1 to be
zero. The lemma follows by induction. O
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To show that there is no suitable intermediate R-matrix R it will be
enough to consider the z'-term of (8). Tt says

Fom =1 + PF i1

where 7, stands for the z!-term of R.. Since #pm has no negative powers
in A\, the A\~ '-terms on the right hand side have to cancel. However the
bottom-left coefficient of 74, , has a pole in the discriminant. Since
for m > 2 the coefficient ¢_; cannot be a multiple of the discriminant
for degree reasons, in this case r has to have a pole in the discriminant.
Contradiction.

It remains to look at the case m = 2. Here it is similarly enough to
show that there is one coefficient in the R-matrix with a second order
pole in the discriminant in order to derive a contradiction. We look at
the coefficient ryo calculated from the oscillating integral of Section 3.1.
We need to calculate the z!-coefficient of the asymptotic expansion of

¥

2 4
T 3 Q T 1
(‘7 — Ve Z(_Z)F> dz,

1 oo
ex
V2w A / P

where we sum over roots ) of the polynomial defining the singularity
and here A = 3Q? + 2t>. Expanding the Gaussian integral we find the
coefficient to be equal to

15 Q*? 3
LAt
Q Q
It is straightforward to check that the first summand equals

15 —2(2t%)% +27(¢")?
2 (—4(212)3 — 27(1)2)2”

whereas the second term has only a first order pole in the discriminant.

A Givental’s localization calculation

We want to recall Givental’s localization calculation [4], which proves
that the CohFT from equivariant P™ can be obtained from the trivial
theory via a specific R-matrix action. We first recall localization in the
space of stable maps to P™ in Section A.1. Next, in Section A.2 we
group the localization contributions according to the dual graph of the
source curve. We collect identities following from the string and dilaton
equation in Section A.3 before applying them to finish the computation
in Section A.4.
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A.1 Localization in the space of stable maps

Let T = (C*)™*! act diagonally on P™. The equivariant Chow ring of a
point and P™ are given by

AT (pt) 2Q[Xos - -+, A
A (P™) =Q[H, Xo, ..., Am]/ [ J(H = ),

1=0

where H is a lift of the hyperplane class. Furthermore, let 1 be the
equivariant Poincaré pairing.

There are m + 1 fixed points po, ..., pm for the T-action on P™. The
characters of the action of T on the tangent space T, ,P™ are given by
Ai — Aj for j # i. Hence the corresponding equivariant Euler class e; is
given by

e; = H()\Z — )\j).
J#i
The equivariant class e; also serves as the inverse of the norms of the
equivariant (classical) idempotents

¢ =e; ' [J(H—N)).
J#i
The virtual localization formula [6] implies that the virtual fundamen-
tal class can be split into a sum

SVa m vir [X]%ZT
Mgy (P, d = LX o —
Mo (B D =3t v
of contributions of fixed loci X. Here N}’{;TT denotes the virtual normal
bundle of X in M, ,(P™,d) and er the equivariant Euler class. Because
of the denominator, the fixed point contributions are only defined after
localizing by the elements Ao, ..., An,. By studying the C*-action on de-
formations and obstructions of stable maps, er(N%'7) can be computed
explicitly.
The fixed loci can be labeled by certain decorated graphs. These
consist of
e a graph (V| E),
e an assignment ¢ : V — {po,...,pm} of fixed points,
e a genus assignment g : V — Z>o,
e a degree assignment d : £ — Zxo,
e an assignment p: {1,...n} — V of marked points,

such that the graph is connected and contains no self-edges, two adjacent
vertices are not assigned to the same fixed point and we have

g=h' @)+ > g), d=_dle).

veV eck

A vertex v € V is called stable if 2g(v) — 2 4+ n(v) > 0, where n(v) is the
number of outgoing edges at v.
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The fixed locus corresponding to a graph is characterized by the con-
dition that stable vertices v € V of the graph correspond to contracted
genus ¢g(v) components of the domain curve, and that edges e € E cor-
respond to multiple covers of degree d(e) of the torus fixed line between
two fixed points. Such a fixed locus is isomorphic to a product of moduli

spaces Of curves
1 Mo mew)
veV

up to a finite map.

For a fixed locus X corresponding to a given graph the Euler class
er(NX'r) is a product of factors corresponding to the geometry of the
graph

vir G(E* & T]P’m, v ) €
eT(NX,T) _ H ¢(v) H ¢

v, stable GC(U) nodes _1/)1 - ¢2
H (=) H Contr.. (9)
g(v)=0 e
n(v)=1

In the first product E* denotes the dual of the Hodge bundle, Tpm ¢(y) is
the tangent space of P™ at ((v), and all bundles and Euler classes should
be considered equivariantly. The second product is over nodes forced
onto the domain curve by the graph. They correspond to stable vertices
together with an outgoing edge, or vertices v of genus 0 with n(v) = 2.
With ¢ and ¥2 we denote the (equivariant) cotangent line classes at the
two sides of the node. For example, the equivariant cotangent line class ¥
at a fixed point p; on a line mapped with degree d to a fixed line is more
explicitly given by N

_ i

_1/J - d )

where p; is the other fixed point on the fixed line. The explicit expressions
for the terms in the second line of (9) can be found in [6], but will play
no role for us. It is only important that they only depend on local data.

A.2 General procedure

We set W to be A7 (P™) with all equivariant parameters localized. For
v1,...,0, € W the (full) CohFT Qg , from equivariant P™ is defined by

ngj,n(vlv e 7'Un)
oo qd n n+k . )
=Y PR (Hevf(vi) 11 evi‘(p)ﬂ[Mg,n+k(P’”,d)}””>, (10)
d,k=0 i=1 i=n+1

where p is a point on the formal Frobenius manifold, € forgets the last k
markings and 7 forgets the map. We want to calculate the push-forward
via virtual localization. In the end we will arrive at the formula of the
R-matrix action as described in Section 2.3. In the following we will
systematically suppress the dependence on p in the notation.
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We start by remarking that for each localization graph for (10) there
exists a dual graph of M, corresponding to the topological type of the
stabilization of a generic source curve of that locus. What gets contracted
under the stabilization maps are trees of rational curves. There are three
types of these unstable trees:

1. those which contain one of the n markings and are connected to a
stable component,

2. those which are connected to two stable components and contain
none of the n markings and

3. those which are connected to one stable component but contain none
of the n markings.

These give rise to series of localization contributions and we want to record
those, using the fact that they already occur in genus 0.

Let W’ be an abstract free module over the same base ring as W with
a basis wo, . . . , W, labeled by the fixed points of the T-action on P™. The
type 1 contributions are recorded by

=Y Ry 'w; € Hom(W, W')[z],
the homomorphism valued power series such that

Rz ( ) =T €1¢17 + Z ! Z Aut Contrp(v)

dkO dk»

where Gé’,m- is the set of localization graphs for Mg 2+%(P™, d) such that
the first marking is at a valence 2 vertex at fixed point 7 and Contrr(v)
is the contribution for graph I' for the integral

24k
/[ e [ it
Mo 24k (P™,d) —% 7 1/)1

We define the integral in the case (d,k) = (0,0) to be zero and will do
likewise for other integrals over non-existing moduli spaces.
The type 2 contributions are recorded by the bivector

V= Zf/ijwi @ w; € W[z, w]

i

which is defined by

1
Z Z Aut(T )Contrp,

d, k=0 'pe G2 i

where Gﬁykﬂ-,j is the set of localization graphs for M 24 (P™, d) such that
the first and second marking are at valence 2 vertices at fixed points i and
7, respectively, and Contrr is the contribution for graph I' for the integral

24k

elej
evl
/V0,2+k(ﬂ”m,d) (=2 = ¥1)(mw = ¢2) H
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Finally, the type 3 contribution is a vector

T = Zﬁwl (S W,[[Z]]

which is defined by

where GJ . ; is the set of localization graphs for Mo,14x(P™,d) such that
the first marking is at a valence 2 vertex at fixed point ¢ and Contrr(v)
is the contribution for graph I' for the integral

e; 1+k .
/ 7 g evi (p).

Mo 4x(Pm,d) —F

With these contributions we can write the CohFT already in a form
quite similar to the reconstruction formula. Let wy ,, be the n-form on W’
which vanishes if w; and w; for ¢ # j are inputs, which satisfies

e(E* @ Tpm p, _
wgn (Wi, ..., w;) = % =ef ! chjfxi(E)
’ i#i

and which is for n = 0 defined similarly as in Example 1. We have

» 1 1
QP (1., 00) = ZF: W(F)é* <]:[kzzome*wgv,nu+k(. ..)) . (1)

where we put
1. R7*()(v;) into the argument corresponding to marking 4,
2. a half of ‘7(1/11, 12) into an argument corresponding to a node and
3. T(1) into all additional arguments.

We will still need to apply the string and dilaton equation in order
to make T'(¢)) to be a multiple of 2, like the corresponding series in the
reconstruction, and then relate the series to the R-matrix.

A.3 String and Dilaton Equation

‘We want to use the string and dilaton equation to bring a series

e 1 n 1 n+k
Zﬁs* <H_x_¢ 11 Q(%)) 7 (12)
k=0 i i

i=1 i=n+1

where € : My i — My, is the forgetful map and Q = Qo + 2Q:1 +

22Qo + - - - is a formal series, into a canonical form.
By the string equation, (12) is annihilated by
-
L'=L+) —,
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where £ is the string operator

£=5a0 a0, - %30, - %,

Moving along the string flow for some time —u, i.e. applying ew/|t:,u7

o (12) gives
— 1
> e

k=0

—Qas~+ — Q35—

n n+k
-5 I ow).
o1 YT w’i n+1
for a new formal series Q' = Q) + 2Q} + 22Q% + - - -. In the case that
[e’s) 24k

u—zj,/ [[aw,

Mo 24k

which we will assume from now on, the new series Q' will satisfy Qp = 0
since by the string equation Lu = 1 and therefore applying ew|t:,u to u
gives on the one hand zero and on the other hand the definition of v with
Q replaced by @', and for dimension reasons this is a nonzero multiple of
Q0.

Next, by applying the dilaton equation we can remove the linear part
from the series Qf

i;(ﬁ ﬁ@w>

k=0 i=1 i=n+1
2g 2+n+k _Ii n+k
A (T T ew). w
¥ i=n+1
where Q" = Q' — Q}z and
1 =1 pasy
M=-Q) =3 / [Taw)

Mo,3+k

We will also need identities in the degenerate cases (g,n) = (0,2) and
(g,m) = (0,1). In the first case, there is the identity

oo 24k _
1 1 1 1 e u/ztmu/w
fsz+zﬁ / —z— 11 —w— s HQ¢Z T —z—w

(14)
In order to see that (14) is true, we use that the left hand side is annihilated
by L+ % + % in order to move from Q to Q' via the string flow and notice
that there all of the integrals vanish for dimension reasons. Similarly,
there is the identity

16@;2;/ ﬁ@(wn
-
Cere (12 L) e (a0 - Q)



which can be proven like the previous identity by using that the left hand
side is annihilated by £ + %

We define the functions u; and (Ai/ei)% for i € {0,...,m} to be the
wand A2 at the points Q = T from the previous section.

A.4 Expressing localization series in terms of Fro-
benius structures

We apply (13) to (11) and obtain

1 =1
O (V1. vn) = zrj A <1:[kzome*wgm+k(. .,)> . (16)

where we put
1. R7'(¢)(v;) into the argument corresponding to marking i,
2. a half of V(31,12) into an argument corresponding to a node and
3. T(¢) into all additional arguments.

Here R7}, V and T are defined exactly as ]-:Fl, V and T but with the
replacement

ul

€; e;e T
el
—o—9 " =%
made at the factors we put at the ends of the trees. The form wy, ,, satisfies
29—24n _n
Wy (Wi, ..., wi) =A; % e 2 Hc)\j_xi(IE).

J#i

We now want to compute R~*, V and T in terms of the homomorphism
valued series S~!(z) € Hom(W, W')[2] with w;-component

57 = (=22 )

e+ Y T [ T e [Tevi.

d,k=0 "
Mo, 24k (P™,d)

We start by computing S™* via localization. Using that in genus zero
the Hodge bundle is trivial we find that at the vertex with the first marking
we need to compute integrals exactly as in (14), where the first summand
stands for the case that the vertex is unstable and the k-summand stands
for the case that the vertex is stable with k trees of type 3 and one tree
of type 1. Applying (14) we obtain

S;Y(z) = e TR ().
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Using the short-hand notation
< U1 V2 U3 >
2?1*1/J7£L'2*'¢)7x371/)

34k

i 7 / evivi evivs evius ﬁ vl (p)
= = Vo
k! T1 — Y1 T2 — Y2 T3 — Y3 !

d,k=0 = i=4
Mg 34 (P™,d)

for genus zero Gromov-Witten invariants and applying the string equation,
we can also write

1 o _l 6,‘(151‘ .
We have by the identity axiom and WDVV equation
€igi € Pj _ . €igi €iPj
<—Z—1/J7—’u)—’(/J,1>_<—Z—’L/J,—w—’(/)7.><.7171>
_ o, € € 9;
- <_Z_1p313.><.717 _w_w>7

where in the latter two expressions the o should be filled with 7!, so that

ST ('S (w)!

—Z—w

2+k

_ n(eipi, ejd;) i ﬂ / evi(eipi) evi(e;o;) Hev
= —z— 1 —w— 1 :
N Mo, 241 (P™,d)

(17)

‘We compute the right hand side via localization. There are two cases in
the localization depending on whether the first and second marking are
at the same or a different vertex. In the first case we apply (14) at this
common vertex and obtain the total contribution

S
Ui

L A
eiéije z w
—Z—w

which includes the unstable summand. In the other case, we apply (14)
at the two vertices and obtain

g

6777%‘/7”(2,71)).
So all together

—1 —1p—1, \t
Vij(zyw): R (2)n R; (w) *615@"

—Z —wW

Finally we express T in terms of R by computing

_ 1 < ¢¢ evi(eid; N
Si 1(2)]_ =e; — — Z % / _;(_ Zl ev) (p)

Mo 145 P™,d)
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via localization. Applying (15) at the first marking we find that

So

By (16) the underlying TQFT of QF ; is given by
S

This implies that the A; need to be the inverses of the norms of the
idempotents for the quantum product of equivariant P™ (because these are
pairwise different). Since T vanishes at (p, q) = 0, A; is e at (p,q) = 0.
Therefore we can identify W’ with W by mapping w; to 1/A;/e; times the
idempotent element which coincides with ¢; at (p,q) = 0. The previous
results then say exactly that Q2 is obtained from the CohFT w’ by the
action of the R-matrix R. In turn, Example 4 implies that w’ is obtained
from the TQFT by the action of an R-matrix which is diagonal in the
basis of idempotents and has entries

oo

Ba: » 2i—1
xp (D 2i(2i — 1) > (Aj - /\¢>

i=1 j#i

We still need to check that R satisfies the quantum differential equation
and has the correct limit (4) as ¢ — 0. By considering (17) as w+ 2z — 0
we see that S™!(z) satisfies the symplectic condition, i.e. its inverse S(z)
is the adjoint with respect to n of S™'(—z). More explicitly the evaluation
of S(z) at the ith normalized idempotent is the vector

eidi 4
o)

By the genus 0 topological recursion relations for any flat vector field X
z X7 \/67@777_1 = <X77]—1>.> o, \/agbl )
z—1 z—

where again 1 ' should be inserted at the . Therefore S satisfies the
quantum differential equation

2XS8(z) = X xS(z),

where on the left hand side the action of vector fields and the right hand
side quantum multiplication is used.

At g = 0, we can check that R becomes the identity matrix and there-
fore the R-matrix of Q¥ becomes the R-matrix of the CohFT w’, which
has the correct limit (4).
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Abstract

For generically semisimple cohomological field theories pole cancel-
lation in the Givental-Teleman classification implies relations between
classes in the tautological ring of the moduli space of curves. For the
theory of the As-singularity these are known to be equivalent to Pixton’s
generalized Faber-Zagier relations. We show that the relations from any
other semisimple cohomological field theory can be written in terms of
Pixton’s relations. This gives large evidence for the conjecture that Pix-
ton’s relations are all relations between tautological classes.

As part of the proof, we study the structure of an N-dimensional
generically semisimple Frobenius manifold near smooth points of the non-
semisimple locus, giving a local description modeled on the Frobenius
manifold corresponding to the Az x Af] ~2_singularity, and give criteria for
extending generically semi-simple Frobenius manifolds to cohomological
field theories.

1 Introduction

The tautological rings RH*(M,,,) are certain subrings of the cohomol-
ogy rings H*(M ) of the Deligne-Mumford moduli space M., of stable
curves of arithmetic genus g with n markings. Starting from the 80s with
Mumford’s seminal article [13], they have been studied extensively. How-
ever, their structure is still not completely understood: While there is an
explicit set of generators parametrized by decorated graphs, the set of re-
lations between the generators is not known. On the other hand, Pixton’s
set [16] of generalized Faber-Zagier relations gives a well-tested conjec-
tural description for this set of relations. Another conjectural description
had been given by Faber’s Gorenstein conjecture but it is now known to
be false in general [15].

In [14] the relations of Pixton have been shown to arise in the com-
putation of Witten’s 3-spin class via the Givental-Teleman classification
of semisimple cohomological field theories (CohFTs). The formula that
Pandharipande-Pixton-Zvonkine obtain for Witten’s 3-spin class has the
form of a limit ¢ — 0 of a Laurent series in a variable ¢ whose coefficients
are tautological classes. The existence of the limit implies cancellation



between tautological classes such that no poles in ¢ are left in the end.
These relations between tautological classes, after adding relations directly
following from them, give exactly the relations of Pixton.

As noted in [14], the limit ¢ — 0 can be viewed as approaching a non-
semisimple point on the Frobenius manifold corresponding to Witten’s
3-spin class. In particular, the same procedure can be applied to get
relations from other generically semisimple CohFTs but it is not clear
how the relations from different CohFTs relate to each other. In [10] first
comparison results have been proven: The relations from the equivariant
Gromov-Witten theory of P! are equivalent to the relations from the 3-
spin theory and in general the relations from equivariant PY ! imply the
(N + 1)-spin relations.

The main result of this article, Theorem 3.3.6, is that, for any CohFT
to which this procedure applies, we obtain the same set of relations. Thus
the relations of Pixton are the universal relations necessary in order for
the Givental-Teleman classification to admit non-semisimple limits. The-
orem 3.3.6 can also be used to relate more geometric relations to Pixton’s
relations (see e.g. [2]).

Before attacking Theorem 3.3.6, we prove a structure result, Theo-
rem 2.3.10, about Frobenius manifolds near a smooth point of the dis-
criminant locus of non-semisimple points. Essentially we show that there
is a nice set of local coordinates and local vector fields, which is modeled
on the simplest example of the 3-spin theory (extended to the correct
dimension using trivial theories).

Using Theorem 2.3.10 we give a criterion (Theorem 3.4.1) when a
generically semisimple Frobenius manifold can locally be extended to a
CohFT. Its proof first locally identifies points and tangent vectors of the
given Frobenius manifold and of the 3-spin Frobenius manifold. Under
this identification we show that an extension is obtained from the 3-
spin CohFT by the action of an R-matrix and a shift, both of which
are holomorphic along the discriminant. Theorem 3.3.6 essentially follows
by noticing that for formal reasons these (invertible) operations preserve
the corresponding tautological relations.

In this paper we work over C and with the tautological ring in coho-
mology. It is actually more natural to define the tautological ring in Chow
and everything in this paper works equally well in Chow if the Givental-
Teleman reconstruction is proven in Chow for the relevant CohFT's.

Plan of the paper

In Section 2 we first recall basic properties of Frobenius manifolds, define
the discriminant and then prove Theorem 2.3.10 about the local structure
of semisimple Frobenius manifolds near a smooth point on the discrimi-
nant. In Section 3 we start by recalling the definition of cohomological
field theories and the statement of the Givental-Teleman classification.
After that, in Section 3.3, we discuss the tautological ring and the re-
lations resulting from the classification. In Section 3.4 we prove Theo-
rem 3.4.1 about the extension of locally semi-simple Frobenius manifolds.
We discuss in Section 3.5 how its proof implies Theorem 3.3.6 on the com-



parison of tautological relations. In Section 3.6, we shortly consider the
problem of finding a global extension theorem similar to Theorem 3.4.1.
Afterwards, in Section 3.7 we study two examples, which illustrate ob-
structions to directly generalizing our results. In the final Section 3.8 we
show that certain other relations obtained from the equivariant Gromov-
Witten theory of toric targets can also be expressed in terms of Pixton’s
relations.
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2 Frobenius manifolds

2.1 Definition and basic properties

Frobenius manifolds have been introduced by Dubrovin [3]. They natu-
rally arise when studying genus zero Gromov-Witten theory. Let us begin
by recalling their basic properties in the following slightly redundant def-
inition.
Definition 2.1.1. An N-dimensional (complex, even) Frobenius manifold
is a 4-tuple (M, n, A, 1), consisting of
e M, a complex, connected manifold of dimension IV,
e a nonsingular metric € T'(Sym?(T* M)),
e a tensor A € I'(Sym?®(T* M)),
e a vector field 1 € I'(T'M),
satisfying the following properties:
e A commutative, associative product x on T'M, with unit 1, is defined
by setting for local vector fields X and Y that
n(X xY,Z) = A(X,Y, Z)

for any local vector field Z.



e The metric n is flat and 1 is an n-flat vector field.

e Locally around each point there exist flat coordinates t, such that
the metric and the unit vector field are constant when written in the
)

basis of the corresponding local vector fields Tt

e Locally on M there exists a holomorphic function ® called potential
such that

0 0 0\_ o0
Ote’ Otg’ Oty )~ OtaOlgdty’
2.2 Discriminant and semisimplicity

Let U be a chart of an N-dimensional Frobenius manifold with a basis
e1,...,en of flat vector fields. There is a trace map Tr taking vector fields
on U to holomorphic functions on U defined by setting for any p € M and
vector field X that Tr(X)(p) is the trace of the linear map on T,U given
by *-multiplication by X|,. We define a discriminant function disc of U
by

disc = det(Tr(ese;)) € Ou.

The function disc is not independent of the choice of flat vector fields:
If A changes from one flat basis to another, the discriminant changes by
the constant det(A)?. However, this means that at least the discriminant
locus {disc = 0} is well-defined. Over any point p of U there exists a
nilpotent element in T,U if and only if p lies in the discriminant locus.

We say that a Frobenius manifold M is (generically) semisimple if the
discriminant is not identically zero. We call a point in M semisimple if it
does not lie in the discriminant locus.

If M is semisimple, near any semisimple point we can choose a basis

o)

52— of orthogonal idempotents and we use the notation A; " for their

1
norms. Then A2 52 define normalized idempotents. As the notation
suggests, the vector fields % commute and we can integrate them locally

i
near semisimple points to give the canonical coordinates u;.

Lemma 2.2.1. For an N-dimensional semisimple Frobenius manifold M,
locally around any (possibly not semisimple) point, the orthogonal idem-
potents extend to meromorphic sections of T M, where 7 : M—Misa
finite holomorphic map with ramification at most along the discriminant.
Furthermore, the meromorphic sections can have poles at most along the
discriminant.

Proof. Take a local basis e, of flat vector fields and consider their minimal
polynomials f,, which have holomorphic coefficients. On a finite ramified
cover M we can single out holomorphic roots Cu,i for each minimal poly-
nomial. If none of the differences (.,; — u,; vanishes identically, we can
define idempotent meromorphic vector fields on M by the Lagrange in-
terpolation polynomials

Cu — CM-j . (1)

J#i Cuyi — C#,j

On the other hand, if the difference ¢, ; — (u,; vanishes identically, the
numerator P = J[;_, (e, — (u.;) of the Lagrange interpolation polynomial



still makes sense and is on the one hand non-zero because otherwise adding
up the Galois conjugates of P would give an equation for e,, of degree lower
than the minimal polynomial, but on the other hand its square vanishes.
So because of semisimplicity of M this case is actually impossible.

Some idempotent vector fields of (1) might coincide or not be orthogo-
nal to each other, but we know because the e, gave a basis at each tangent
space that the vector fields from (1) span the tangent space of a generic
point. By removing duplicate idempotents and by suitably taking differ-
ences we can extract a basis of orthogonal idempotents for the tangent
space of a generic point.

Given a semisimple point p, we can choose an element of the tangent
space whose minimal polynomial has order NV, i.e. a linear combination of
orthogonal idempotents with pairwise distinct coefficients. Therefore also
the minimal polynomial of the corresponding flat vector field has order
N. TIts discriminant does not vanish at p and therefore its roots are not
ramified along p. By construction, the corresponding idempotents recover
the idempotents at T, M and are in particular holomorphic in p. O

Example 2.2.2. The Givental-Saito theory of the A2 singularity, which
appears in the study of Witten’s 3-spin class (it is mirror symmetric), is
about a two-dimensional Frobenius manifold and motivates Theorem 2.3.10.
As a manifold it is isomorphic to C? with coordinates to, t1 and its points
correspond to versal transformations

3

x
— —t t
3 1Z +to
of the As-singularity % In the basis %, % the metric n is given by
the matrix
0 1
1 0
and the potential is
1, 1 4
B(to,t1) = —t2t, + —t.
(to,t1) = Stotr + 5 11

Therefore -2- is the unit and the only interesting quantum product is

Ot
9, 9 _, 0
i ot oty
Hence on a two-fold cover of C? ramified along the discriminant locus
{t1 = 0} we can define the meromorphic idempotents
1 0 n 10
2\/H oty 20ty

A choice of corresponding canonical coordinates is given by

€+ = =+

2 3
Ui:toigtf

Notice that we can get back to the flat vector fields by

i—e +€
oo T



and 1
8%1 = (%(wr — U—))g (€4 —€-).

2.3 Local structure near the discriminant

We now want to analyze in more detail the structure of a semisimple
Frobenius manifold near the discriminant locus. The results are summa-
rized in Theorem 2.3.10.

For this we start with a neighborhood M of a smooth point p of the
discriminant locus D of an N-dimensional Frobenius manifold. We might
need to shrink this neighborhood a finite number of times but by abuse
of notation we will keep the name M.

Because of smoothness of p € D, on a smaller M there exists a positive
integer k and flat coordinates t1,...,tn such that there is a kth root
tp = {/disc that can be expanded near p as

tp =1t1 + O((thtz, S ,tN)Q).

We will use tp,ta,...,tn as alternative local coordinates and study the
order in tp, i.e. order of vanishing along D, of various data of M. By
shrinking M further we can assume that D is the vanishing locus of tp.

By Lemma 2.2.1, in order to define idempotents we will also need to
allow for vector fields whose coefficients are convergent Puisseux series in
tp. So in the following the order in tp can also be fractional.

Lemma 2.3.1. No nonzero idempotent can have positive order in tp.

Proof. Let X be an idempotent with positive order m. Then X = X?2
would have order at least 2m. However for positive m we have m <
2m. O

Lemma 2.3.2. There is a choice of the flat coordinates ta,...,tn such
that for every i, when we write

) o K9
9w —01%+;Cu£7

the function c1 has the minimal tp-order —m; out of {c1,...,cn}.

Proof. Since under the coordinate change ¢, = ¢, + a,tp for o, € C,
we{2,...,N} we have

N
0 0 0 0 0
g _“ o —— v _“
ot w*é“m’ ot, _ ot
there is a dense set of suitable coordinate transforms for any . O

We will from now on assume that we have made such a choice of flat
coordinates.

Lemma 2.3.3. At least one of the norms Ai_l of the orthogonal idempo-
tents has negative order in tp.



Proof. Assume on the contrary that the norms of all idempotents extend

to D. Pick an idempotent % with most negative order —m;. Then the
element
X = tnLi 0
D 8%

extends to D but by assumption n(X, X) vanishes there. Since the metric
is nonsingular we can find a vector field Y defined in a neighborhood of a
point on D, such that n(X,Y") has order zero along D. Writing Y as

0
YZZCJ‘TW,
J

we see that t’gici has also order zero.
Therefore there is an m > 0 such that Y’ := t}Y can be written as

Z 1o}
! /
J

where all ¢ have non-negative order and at least one ¢ has order zero in
tp. On the other hand, we know that Y’ vanishes on D.

The set of all Y’ satisfying these conditions is closed under taking
powers and taking linear combinations which do not make all order zero
c;- vanish. Using these operations we can make, up to reordering, the
idempotents, ci,...,c, for k < N to be equal to 1 up to higher order
terms in ¢p, and also make all other ¢} vanish in D. Furthermore, we can
assume that ¢} = 1.

Now for large [ either

"
Y/l _ v
Z du
j=1

vanishes along D or we can replace Y’ by Y’ — Y’ times a suitable
(negative) power of tp, thereby making k smaller. For k = 1 always the
first case occurs.

So using induction we find that there is an idempotent element which
vanishes along D. This is in contradiction to Lemma 2.3.1. O

Lemma 2.3.4. The order —m of c¢1 as in Lemma 2.3.2 agrees for all

idempotents with negative order. The order —m' of the mnorms Ai_l of

these idempotents also agrees and is negative.

Proof. For idempotents % and % with negative order, by Lemma 2.3.2
i J

the part of lowest order in tp of the %-componen‘c of the commutator

0 0
[%%]_o

can be calculated from the lowest order parts of the =2

dtp

-components of

% and %, and these will not agree if they have different orders in ¢p.
i J
For the second part we compare the order of both sides of the identity
OATT  AAT?
8’(1»; o auj



from [3, Lecture 3]. If A; has positive order m’, the left hand side has
order —m’ — m — 1. Therefore in this case A; also needs to have order
m’. By Lemma 2.3.3 we are done. O

Lemma 2.3.5. The number of idempotents with negative order is equal
to 2.

Proof. To exclude the possibility that the number of idempotents with
negative order is at least 3 we consider the Darboux-Egoroff equations [3,

Lecture 3]*
073
NI 2
O YikVkj ( )

for i, j, k corresponding to a triple of such idempotents. Here the v;; are
the rotation coefficients

o . _
Vij = VAj%Ai vz,
J

The order on both sides of (2) is —2m—2. Let ¢;, ¢j, ¢k and d;, d;, di be the
lowest order coefficients in tp of the %—componen‘c of the idempotents
and their norms, respectively. So the lowest order terms of v;; and (2) are

’
mo.—1/2 1/2

and

2
—%(—m — Derd; eyl = de,;l/Qckdi/Zd;Wcjd,ﬁ/?,

respectively. So we need to have

which does not hold since by Lemma 2.3.3 m’ > 0 and we must have
m <m.

Because in general the sum of all idempotents is the identity, we con-
clude that there are exactly two idempotents with negative order. O

We will from now on assume that % and ai are these two idempo-
1 u2
tents.

Lemma 2.3.6. The vector fields

(9 92\ 9,0 0 3)
= BU1 aua ’ (9U1 6uz’ auzg

give a basis of the tangent space at every point of M.

n [3] always the assumption of the existence of an Euler vector field is made. We here
only use Equation 3.70a, which holds also without this assumption.



Proof. All of the vector fields extend to D and the first of them does not
converge to the second because that would imply that the second vector
field is both idempotent and nilpotent, i.e. zero. They therefore give a
basis of the tangent space at generic points in D. Since they also give a
basis for any tangent space outside D, they give a basis for the tangent
space at every point of M. O

Lemma 2.3.7. The order m’ of A1 and Az is equal to m.

Proof. The norm of the first vector field of (3) vanishes on D. This
together with the fact that the metric is nonsingular implies that

(AT =AY
must have order zero in tp. Therefore A; and Ay must have order m. O

Lemma 2.3.8. After possibly shrinking M there exists a flat vector field
X such that the vector fields 1,X,..., X~ span the tangent space at
every point of M.

Proof. We write any X in the basis (3). We have found a suitable X
when in a neighborhood of p the first coefficient is not zero and the other
coefficients are pairwise different and nonzero. However if these conditions
were false for any flat X, flat vector fields would only generate a proper
linear subspace at the tangent space of p. O

Let X be as in Lemma 2.3.8. There is an equation

N

[[(x—-¢)=o0

i=1

and at least one of the differences (; — (; has positive order in ¢tp. The
idempotents are then given by

0 X —¢
SiE= @)
ui 5 G =G
Because 1, X, ..., XV ~! span the tangent space at a generic point of D,

the products [[;_;(X —¢;) all have order 0 and because of (4) all roots of
the characteristic polynomial are distinct along D apart from ¢; and (a.
We also know that when restricted to D all roots of the characteristic
polynomial are distinct apart from ¢; and (2. Since the coefficients of the
characteristic polynomial are holomorphic, we find that (>3 are holomor-
phic, as well as (1 + (2 and (1{2. Therefore 2m is a positive integer.

The vector fields ai + %, ai - ai and z 9 _ all commute and
uq uo w1 u U>3
all of them but ai - ai are holomorphic. It follows that by correctly
uy ug

choosing integration constants we can have that ui —u2 has order (m+1)
in tp. Furthermore by Lemma 2.3.6, tl_)m_l(ul — ug) does not vanish on
any point of D. We conclude that we can choose a root (u1 — uz)l/(mﬂ)
that has order one in ¢tp and is holomorphic in p. We thus can work with
(ur — uz)l/(mﬂ) instead of ¢p.



Lemma 2.3.9. If for all flat vector fields X a genus one potential dG(X)
of the Frobenius manifold extends to the discriminant, the order —m has

to be equal to —%.

Proof. The general formula (see [5]) for a genus one potential G is given
by

1 1
dG = Zs Zl: dlog(Ai) +4 5 zl: r“'dui, (5)
where the functions r;;2, determined up to an integration constant, satisfy

1 0log(A;) dlog(As) o
drii = 5 ZJ: . du, (s = duo).

Let us consider the lowest order term in tp of

oG 8G _ 1 9log(A) +l(r — r22)
8u1 6U2 o 24 i 8(U1 _UQ) 2 H 22/

For this we will only need to care about the ¢ =1 and ¢ = 2 terms of the
sum, whose lowest order terms are both equal to

m 1

m-+1us —us

For the d(u1 — u2)-component of dr;; for ¢ € {1,2}, we get the lowest
order term from the j = 3 — 4 summand, which is

(™ !
4(m +1)2 (u1 — u2)?’
In total the lowest order terms of gﬁ — % are
2m 1 m? 1

24m+ 1) ur —uz  4(m+1)2us —us’

This term only vanishes when m = 3.
Therefore if m # %, at p the genus one potential dG with % inserted

is not holomorphic along D. O

In total, we have shown the following result.

Theorem 2.3.10. Let M be a semisimple Frobenius manifold. In a neigh-
borhood U of a smooth point of the discriminant of M, there exists a
positive half-integer m such that

] ]

e all but two idempotents Say’ Dus

criminant i U,

extend holomorphically to the dis-

e for a suitable choice of integration constants, there is a holomorphic
root (uy — uz)l/(m+1), and its vanishing locus describes the discrim-
inant in U,

2They correspond to the diagonal entries of the linear part of the R-matrix.
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o The vector fields

(u1—u2)m/<m+1)< 0 0 ) o + 4 9

Ouy  Ouz) Our ' Ouz’ Duss

extend holomorphically to the discriminant and span the tangent
space at every point of U. The first of these vector fields spans the
space of nilpotent tangent vectors at p.

Furthermore, if in addition for any flat vector field X, for a genus one
potential G, the function dG(X) extends to the discriminant, the half-
integer m has to be equal to %

3 Cohomological Field Theories
3.1 Definitions

Let M, be the moduli space of stable, connected, at most nodal al-
gebraic curves of arithmetic genus g with n markings. It is a smooth
DM-stack of dimension 3g — 3 + n. Let Mg, be the open substack of
smooth pointed curves. Forgetting a marking and gluing along markings
induce the tautological maps

Mg,rﬂrl - Mg,m
Mgy ni41 X Mgy nyt1 = Mg, tg5,m1 402,
Mg,n+2 — M;H—l,n-
Cohomological field theories were first introduced by Kontsevich and
Manin in [11] to formalize the structure of classes from Gromov-Witten

theory. Let V' be an N-dimensional C-vector space and 7 a nonsingular
bilinear form on V.

Definition 3.1.1. A cohomological field theory (CohFT) Q on (V,7) is
a system L

Qg € H' (Mgn) ® (V7)®"
of multilinear forms with values in the cohomology ring of M, satisfying
the following properties:

Symmetry g, is symmetric in its n arguments

Gluing The pull-back of Qg , via the gluing map
Mgy ny41 X Mggnps1 — Mgn

is given by the direct product of Qg ny,+1 and g, ny+1 With the
bivector ! inserted at the two points glued together. Similarly for
the gluing map My_1,n+2 — M., the pull-back of €, is given by
Qg—1,n+2 with 7771 inserted at the two points glued together.

Unit There is a special element 1 € V called the unit such that
Qgnt1(v1,... 00, 1)
is the pull-back of Qg »(v1,...,v,) under the forgetful map and

Qo3(v,w, 1) = 77(”7 w).

11



Definition 3.1.2. A CohFT whose classes are only multiples of the fun-
damental class is called a topological field theory (TQFT).

The definition of CohFT's can be also generalized to families of CohFTs
over a ground ring. We will use the following non-standard definition.

Definition 3.1.3. Let ei,...,en be a basis of V. A convergent CohFT
Q on V is a CohFT defined over the ring of holomorphic functions of an
open neighborhood U of 0 € V such that for all g > 0, all as,...,a, € V
and all t = t1e1 +--- +tyen we have

oo
1
Qgnle(ar,...,an) = E Eﬂ*Qg,nJng(al,...,an,t,...,t). (6)
k=0 "

We can define from any usual CohFT a convergent CohFT by using
(6), under the assumption that the sum converges in a neighborhood of 0.

Definition 3.1.4. The underlying Frobenius manifold of a convergent
CohFT € is as a manifold the neighborhood U of 0 € V. At every point
of U the tangent space is identified with V' by sending the vector field
% at every point to e,. With this identification 7 defines the metric, 1
defines the unit vector field and Qo 3 defines the symmetric tensor A.
Remark 3.1.5. Restricting to the origin, we see that every CohFT deter-
mines a Frobenius algebra. This operation restricts to a bijection between
TQFTs and Frobenius algebras of dimension N.

Using the underlying Frobenius manifold, for any convergent CohFT
we can define the quantum product on V (depending on a point in U),
the discriminant function, semisimplicity, semisimple points and the dis-
criminant locus.

Example 3.1.6. Given an N-dimensional (convergent) CohFT 2 and
some ¢ € C*, we can define an (N + 1)-dimensional (convergent) CohF'T
Q: If V is the underlying vector space of €2, then V & (v) will be the
underlying vector space for {’. The nonsingular bilinear form 1’ on V& C
is defined via n’'(v,v) = ¢, 7'(a,v) = 0 and n'(a, 8) = n(a, B), where
a,f8 € V and 7 is the nonsingular bilinear form of V. The CohFT €' is
then defined by multilinearity from setting

Q;,n(al, coyan) = Qg n(ar, ..., an),

if all a; lie in V, imposing the condition that Q) vanishes if one argument
is a multiple of v and another argument lies in V', and setting
Qyn(v,...,v)=c
Finding the right definition in the remaining case n = 0 and checking the
axioms of a CohFT is left as an exercise to the reader.
Notice that v will be an idempotent element for the quantum product
and that this operation therefore preserves semisimplicity.

12



3.2 Reconstruction

The (upper half of the) symplectic loop group corresponding to a vector
space V with nonsingular bilinear form 7 is the group of endomorphism
valued power series V [2] such that the symplectic condition R(z)R'(—z) =
1 holds. Here R’ is the adjoint of R with respect to 7. There is an action
of this group on the space of all CohFTs based on a fixed semisimple
Frobenius algebra structure of V. The action is named after Givental
because he has introduced it on the level of arbitrary genus Gromov-
Witten potentials.

Given a CohFT g, and such an endomorphism R, the new CohFT
RQg,» takes the form of a sum over dual graphs I

RQyn(v1, ) = 3 ﬁm@ <HZ %mggv,nﬁk(. . )) G

where & : ], My, n, = Mg, is the gluing map of curves of topological
type I' from their irreducible components, 7 : Mg, n,+t — Mg, n, forgets
the last £ markings and we still need to specify what is put into the
arguments of [], Qg n,+k,. Instead of only allowing vectors in V' to be
put into Q4. we will allow for elements of V[in,...,¥,] where 1; acts
on the cohomology of the moduli space by multiplication with the ith
cotangent line class.

e Into each argument corresponding to a marking of the curve, put
R™*(v)) applied to the corresponding vector.

e Into each pair of arguments corresponding to an edge put the bivec-

. () (2)
R™Y(1)n LR (¢ha)t — L 92
_1/]1 _w2 ev [le%b?]],

where one has to substitute the i-classes at each side of the normal-
ization of the node for ¥; and 2. By the symplectic condition this
is well-defined.

e At each of the additional arguments for each vertex put
T(y) = v(Id =R~ ()1,

where 1 is the cotangent line class corresponding to that vertex.
Since T(z) = O(2?) the above k-sum is finite.

The following reconstruction result (on the level of potentials) has been
first proposed by Givental [6].

Theorem 3.2.1 ([17]). The R-matriz action is free and transitive on the
space of semisimple CohFTs based on a given Frobenius algebra.
Furthermore, given a convergent semisimple CohFT , locally around
a semisimple point, the element R of the symplectic loop group, taking the
TQFT corresponding to the Frobenius algebra to 2, satisfies the following
differential equation of one-forms when written in a basis of normalized
idempotents
[R(2),du] + 2% "d(VR(z)) = 0. (8)

13



Here u is the diagonal matriz filled with the canonical coordinates u; cor-
responding to the idempotents and ¥ is the basis change from the basis of
normalized idempotents to a flat basis.

Remark 3.2.2. The differential equation (8) makes sense for any Frobenius
manifold. In general it defines R only up to right multiplication by a
diagonal matrix whose entries are of the form exp(a1z+azz>+---), where
the a; are constants on the Frobenius manifold [7]. If the further condition
of homogeneity with respect to an Euler vector field is imposed on R, there
is a unique solution.

Remark 3.2.3. Teleman’s proof relies heavily on topological results (Mum-
ford’s conjecture/Madsen-Weiss theorem) and it is therefore not known if
the same classification result also holds in general when we work in Chow
instead of cohomology. It is still known that the statement is also in some
cases such as for the equivariant Gromov-Witten theory of a toric variety.
Remark 3.2.4. Formula (5) for a genus one potential

dG(X) = /7 Q1 (X)

is a special case of the reconstruction.

Let us make the local structure of the reconstruction formula a bit
more concrete for later use. We can decompose any endomorphism F' of
V into a collection of linear forms

F=) F,

where €; is the ith normalized idempotent element and we will use the
formula
SLAYTH ifn =0,
- - 2g—24n
wgan(€a17"'7€an): Aal 2 s ifa1:~~~:an,

0, else,

where the A; are the inverses of the norms of the idempotents. Then we
can rewrite (7) to

RQq (01, .., 0, Z Aut AT oY (HC“U> ) (9)

where ¢ is a coloring of the vertices of I' by a color in the set {1,..., N}
and the local contribution C,; at a vertex v of genus g, with n markings
and of color i is an n-form taking power series in z as inputs and is given
by

Cv’i (041, .. an)
2g 2+n+k ntk
—Z (Ha] v) [ 0 - 1(%))1)19)
j=n+1

The still missing arguments in (9), which correspond to preimages of the
marked points and nodes in the normalization, are to be filled with the
coordinates corresponding to the coloring of the vectors and bivectors also
used in (7).

14



3.3 Relations in the tautological ring

The tautological subrings R*(M,.,) can be compactly defined [4] as the
smallest system of subrings R*(M,,) C H*(M,,) stable under push-
forward under the tautological maps as described in Section 3.1. Each
tautological ring is finitely generated [8] and a ring of generators has
been formalized into the strata algebra Sy, [16]. As the name suggests,
the strata algebra is generated by strata of M, ., (corresponding to dual
graphs) decorated with Morita-Mumford-Miller x-classes and i)-classes.
Pushforwards and pullbacks along the gluing and forgetful morphisms can
be lifted to homomorphisms of the corresponding strata algebras satisfying
the push-pull formula, .... Relations in the tautological ring are elements
of the kernel of the natural projection Sy, — R*(Mg.,.).

Consider a semisimple, N-dimensional convergent CohFT Q defined
in a neighborhood U of 0 € V. Let D C U be the discriminant locus. By
the reconstruction formula described in Section 3.2 for each point outside
D in U we can find an R-matrix such that € is given by applying the
action of R to the underlying TQFT.

We obtain relations in the tautological ring by studying the behavior
along D. On the one hand the reconstruction gives functions that might
have singularities along the discriminant locus.> On the other hand we
know that we get back the original CohFT by projecting from the strata
algebra to the tautological ring. Therefore we obtain vector spaces of
relations with values in Ogn p/Ou.* By choosing a basis of Oy p/Ov we
obtain a vector space of relations.

Definition 3.3.1. The vector space of tautological relations associated
to the convergent CohFT (2 is defined as the smallest system of ideals
of Sg,»n which is stable under push-forwards via the gluing and forgetful
morphisms and contains the relations from cancellations of singularities
in the reconstruction of €2, that we have just defined.

Example 3.3.2. For the 2-dimensional, (convergent) CohFT correspond-

ing to Witten’s 3-spin class, in [14] it is proven that the ideal of relations

coincides with the relations of Pixton [16], which are conjectured [16] to

be all relations between tautological classes.

Example 3.3.3. In [10] it is shown that the ideal of relations of the

Gromov-Witten theory of equivariant projective space P ~1 contains the

relations for Witten’s (N + 1)-spin class.

Example 3.3.4. In [10] it is also shown that the set of relations for

equivariant P! and Witten’s 3-spin class coincide.

Remark 3.3.5. For nonequivariant P* the theory does not apply since the

Frobenius manifold is semisimple at all points. There is a different way of

how to extract relations in this case, which we will study in Section 3.8.
Our main result is the following.

Theorem 3.3.6. For any two semisimple convergent CohFTs which are

not semisimple at all points of the underlying Frobenius manifold, the sets

of associated tautological relations coincide.

3The proof of Theorem 3.3.6 easily implies that for a CohFT the only possible singularities
of the R-matrix along D are poles.
4If the R-matrix were multivalued, we would need to work on a branched cover of U instead.
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Remark 3.3.7. In the proof of Theorem 3.3.6 we will first locally near
a smooth point on the discriminant identify canonical coordinates and
normalized idempotents. An important part of the proof is to show that
under this identification the quotient of corresponding R-matrices is holo-
morphic along the discriminant.

In [10] for the comparison of equivariant P! and the As-singularity
a different, more explicit identification of coordinates and vector fields
is chosen. Therefore, while with this identification the quotient of the
R-matrices is not holomorphic along the discriminant, there exists a holo-
morphic function ¢ such that Rp1(z) = R(z)Ra,(¢z). This result depends
on the fact that the As-theory has an Euler vector field.

3.4 Local extension
The proof of the following theorem will occupy this section. The content
of the proof is also used for proving Theorem 3.3.6.

Theorem 3.4.1. Let M be an N-dimensional semisimple Frobenius man-
ifold and let p be a smooth point of the discriminant of M such that m = %
in Theorem 2.8.10. Then, after possibly shrinking M to a smaller neigh-
borhood of p, there exists a convergent CohF'T with underlying Frobenius
manifold M.

We first study the consequences of Theorem 2.3.10 in more detail.
After possibly shrinking M, it gives us a basis of holomorphic vector

o o8 _0
fields {%, 5 m}, where

1
0 0 0 17} 3 3/ 0 0
= -z 4“7 == — . 10
9t Ouw 0w’ ot <4(“1 “2)> <8u1 auQ) (10)
It is easy to see that these vector fields commute and therefore we can
integrate them to coordinates tg, ¢t and u>3. The discriminant D is then

locally given by the equation ¢ = 0.
Notice that there is a root v/t of ¢ such that

oovi(2 -2, (gt>_t(;’+aa>

Define holomorphic functions 79 and 71 by

_a(2 92 _a(2 9
o =1 8250’(3150 ’ =1 at’ato

and notice that

N
o 0 o 0 0
— ) = — % — — | =tno.
" (875’ m) K (at * 675’; 8ui> o
Since 7 is nonsingular, n; cannot vanish on the discriminant. The inverses
A1, Az of the norms of the first two idempotents are given by

A1:27‘/i7 AQZL\/E.
m + Vtno m — Vino

|
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‘We next choose roots 1/ 2\/7E, v/ =2+t and , /m1. These induce roots of
A1, Az, which we will use to define the normalized idempotents. Let Wy
be the block diagonal matrix with upper left block being

NVt =Vt
Vi Vv (11)
V2vi \/T

and the identity matrix as the lower right block. For \Ifgl the upper left
block is given by

1

Vavi F . (12)
T o

The matrix ¥y is the basis change from normalized idempotents to the

basis {Bto’ 517 Fuss }. In the Aj-singularity case no = 0, /m = 1 and

VB = 1.

Let W1 denote the basis change from the normalized idempotent basis
to a flat basis and define ¥y = U0, ",

Lemma 3.4.2. The basis change matriz W1 is holomorphic along D.

Proof. By Theorem 2.3.10 it is enough to prove the same statement for
U = 005! where ¥ is the basis change from the normalized idempotent
basis to the basis {at0 , aat, Fuss } Since the basis changes leave all but the
first two idempotents mvarlant we will only need to consider the upper-left
2 x 2 block of W', We factor this block into

Vi —vi\ (VAL
(35 &0 %),
Vi Tava 0 YR\l Vi

a change from {%, %} to the idempotents, a multiplication by a diagonal

o

matrix and the change back from the idempotents to {8%, %}. So we see
that the upper left block of ¥ has the form

where
1 3
+ =1+ 1o 2t o)
n 0
Jrevie 1o \/iﬁ
1 1 Ino 5
2Vt _ 2m 1673
Vit \/1 +VEm \/1 Vi n i
which are holomorphic along the discriminant. (I

We can repeat this setup for any other N-dimensional Frobenius man-
ifold satisfying the assumptions, in particular, as we will assume from now
on, for any Frobenius manifold underlying an N-dimensional convergent
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CohFT Q?, such as an extension of the theory of the As-singularity to N
dimensions using the construction of Example 3.1.6 repeatedly. By using
the coordinates ¢, to, u>3 we can identify a small neighborhood of p with a
small neighborhood of the origin of the convergent CohFT. Let us shrink
M accordingly. Notice that this isomorphism of complex manifolds, if the
third roots in (10) have been chosen compatibly, amounts, outside of the
discriminant, to identifying their canonical coordinates. We accordingly
identify normalized idempotents and thereby the tangent spaces that they
span.

This identification preserves the metric but not the quantum product
structure. In particular, the basis change W2 from the normalized idempo-
tent basis to a flat basis of the CohFT in general does not agree with ¥y.
We set Uy = \112‘1/61, which by Lemma 3.4.2 is also holomorphic along D.

Lemma 3.4.3. There exists a symplectic solution R1 of the flatness equa-
tion (8) for W1 such that if Ra denotes the solution of (8) for Us used
for reconstructing the CohFT, the endomorphism Rlel is holomorphic
(under the identifications we have made above).

Proof. For this proof let R; and Rz denote R-matrices written in the
basis of normalized idempotents instead of the underlying endomorphism
valued power series. We set

R; = U5 'RV,
where Uy is as in (11). We can write the flatness equations (8) as
[Ri, WoduWy '] + 2%; 'd(¥; R; W) ¥, ' = 0.
IfR:=R R;l, these two differential equations combine to
0= [R, WoduWy '] + 207 'd(¥; RU; 1)Uy, (13)

By Lemma 3.4.2 it is enough to show that there is a solution R of (13)
all of whose entries are holomorphic along the discriminant and which
satisfies the symplectic condition.

We analyze the entries of the ingredients in (13). For this we will
consider all matrices to consist of four blocks numbered according to

1. 2.

3. 4./’
such that the first block has size 2 x 2. By Lemma 3.4.2 the matrices ii/;l,
U, for i € {1,2} and therefore also the matrices W7 'd¥; and (dW¥; )W, of

one-forms are holomorphic along D. The matrix (d¥o)W;* has all blocks
equal to zero except for the first one, which is

wlo ) o

and the matrix Wodu¥ ! is block diagonal with first block being
dto tdt
(& ) 09
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and the other block being the diagonal matrix with entries du>3. Fur-
thermore, because in general \Ill_ld\lll is antisymmetric (as can be seen by
differentiating U{n¥; = 1) and from (11), (12) and (14) we see that the
first block of ﬁ/fld\fll has the general form

G o)

and the forth block is still antisymmetric. The same holds for (d¥; ) ¥,.
We construct the coefficients of R inductively. Let us set

[e']

R(z) = Z R'Z

=0

and R;-k for the entries of R®. We assume that we have already constructed
R’ for j < i satisfying the flatness equation and symplectic condition
modulo 2"

Because of (15), inserting % into the z*"-part of (13) directly gives
equations for the off-diagonal blocks of R'™' in terms of holomorphic
functions.

Similarly, inserting -2

dusg

into the z**'-part of (13) gives us holomor-

phic formulas for the off-diagonal entries of R“*! in the forth block. For
a

the diagonal entries of this block we instead insert z; into the 22 part of
(13) and because of the antisymmetry obtain that the first ¢-derivatives of
the diagonal entries are holomorphic. We can integrate them locally and
have an arbitrary choice of integration constants (ignoring the symplectic
condition for now).

It remains the analysis of the first block. For this it is useful to compute
the commutator

[(RT RZE) (0 t)] _ (RZEI — Ry (R - Réél))

i+41 i+1 i+1 i+1 i+1 i+1
}%21 }%22 1 0 }222 - }%11 t}%QI - }ZIQ .

So the insertion of % into the z*™'-part of (13) gives holomorphic formulas
for R{T'— Ry} and R{}"—tRyT". Because of (14) and (16) the 2 insertion
into the z**-part of (13) shows that the first t-derivative of RiT! 4+ R53*
is holomorphic and therefore this sum is holomorphic and we again have
the choice of an integration constant. Similarly, we find that

8 '3 '3
2taR;f1 + R,

is holomorphic in D and therefore Réfl is holomorphic up to a possible
constant multiple of tz. Here, we have a unique choice of integration
constant giving a holomorphic solution.

In general the symplectic condition does not constrain the integration
constants of R""! when ¢ + 1 is odd [7]. On the other hand, it completely
determines the integration constants of R*™* when i+ 1 is even. It is clear
that the solution determined by the symplectic condition is meromorphic
and hence by the above analysis is also holomorphic. O
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Let R1 and R2 be as in the lemma. We define a new convergent
CohFT Q2 by the R-matrix action Q3 = (R1R; ')Q?. We want to compare
this CohFT to the CohFT Q! obtained by the R-matrix action of R; on
the trivial CohFT. Notice that Q' is possibly not well-defined along the
discriminant. The CohFTs Q2 and Q' are very similar but the underlying
trivial theories do not agree.

Recall the description (9) of the reconstruction using the basis of nor-
malized idempotents. A local contribution at a vertex of color i for the
reconstruction of Q3 is of the form

2g—24n

A, 2 (H o ij (Id" - 11<wj))i)1m> :

k=0

where 7 forgets the last £ markings and a§~ are some formal series in 1),
whose coefficients are holomorphic functions on the Frobenius manifold.

To circumvent convergence issues, let v be a formal flat vector field
and let v, and v; be the coordinates of v when written in a basis of flat
coordinates or in the basis of normalized idempotents, respectively. We
can further modify the CohFT by shifting along vi):

[eS]

1
Qé’n(al,..., Zk— q’n_,rk (A1, vy Qny Y, .. V) 17)

k=0

‘We obtain a well-defined convergent CohFT defined over the ring of power
series in the v,. For Q* the local contribution at a vertex of color i is

i 25 (ﬁ o ﬁ?ﬁj [Idi 1oz — (Ry Y (4))) (1g2 _”)D .

k=0 j=1  j=1

2g 2+n

Recall that the dilaton equation implies that

o) k
1 1
a7 = 2™ (H ‘“”f') ’
k=0 Jj=1

where a is a formal variable, or equivalently

oo (1+b)2—2g—n—k k
=> e (I ).
j=

k=0

where b = a/(1 — a). We will apply this identity locally at every vertex.
At a vertex of color 7 we use —v/Ag;v; for b. Then the local contribution
at a vertex of color i is

k
2g—24n 2

A T Y (1_1 o f[wj 10" —(Ry ()] (202 - v>> ,

k=0

where
A?ﬂl/z — A 1/2 —

Notice that now (again) the sum in k is finite in each cohomological degree.
Therefore we can specialize v. We will take v to the vector 1g2 — 1q1,
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which is holomorphic by Lemma 3.4.2, and thus v; = A;ilm — Ail/Z. In
this case the As; specialize to A1;. We have therefore arrived exactly at
the reconstruction formula for Q. In particular, with the specialization
of v, Q* is the same as Q' and therefore Q' is also holomorphic along
the discriminant. Hence Q! is a suitable local extension of the Frobenius
manifold we started with to a convergent CohFT. The extension in not
unique but depends on a choice of integration constants.

3.5 Equivalence of relations

We want to prove Theorem 3.3.6 in this section.

First notice that the dimension of a convergent CohFT €2 can be in-
creased by one without changing the set of relations by the construction
of Example 3.1.6. So we can assume that the CohFTs we are trying to
compare have the same dimension.

Next, recall from Section 3.3 that the tautological relations of a semi-
simple convergent CohFT €2 are defined via coefficients of the part of the
Givental-Teleman classification singular in the discriminant. Therefore
the relations do not change when removing the codimension two set of
singular points of the discriminant from the Frobenius manifold underly-
ing €.

In order to prove Theorem 3.3.6, it is therefore enough to show that
the relations coincide for two semisimple, equal dimensional convergent
CohFTs Q', Q2 such that each Frobenius manifold contains a smooth
point of the discriminant and is small enough for Theorem 3.4.1 to apply
directly to Q*.

By the proof of Theorem 3.4.1 an extension of the Frobenius manifold
underlying Q' can be constructed from Q2 by a holomorphic R-matrix
and a holomorphic shift. To prove Theorem 3.3.6 it therefore suffices to
show that these two operations preserve tautological relations and that
the integration constants can be chosen such that the constructed CohFT
coincides with Q'. We now prove these statements.

Lemma 3.5.1. The R-matriz action by a holomorphic R-matriz pre-
serves tautological relations.

Proof. Let €' be obtained from 2 from the R-matrix action of R. Then
in the description of the R-matrix action in Section 3.2 all arguments are
holomorphic vector fields on the Frobenius manifold with values in power
series in t-classes. €y, in each cohomological degree is obtained by a
finite sum of push-forwards under the gluing map of products of  (with
possibly additional markings) multiplied by monomials in 1 classes and
with holomorphic vector fields as arguments. Therefore any singularities
of the reconstruction of Q' are the result of singularities in the reconstruc-
tion of 2. So we can write the relations of ' from vanishing singularities
in terms of the general relations from (2 as of Definition 3.3.1. By the sta-
bility condition in Definition 3.3.1 we can also express a general relation
of ' in terms of relations from €.

Since R-matrices are power series starting with the identity matrix, by
using R~! we can also write the relations of  in terms of relations from
Q. O
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The shift-construction (17) clearly expresses any relation from Q‘;n in
terms of relations from ngﬁ_m for various m > 0.

We now finally want to show that taking the R-matrices of Q' and Q2
is a suitable choice for Ry and R» in Lemma 3.4.3. We will argue that
otherwise Q' or Q2 will not be defined at the discriminant.

For simplicity we will make use of the following stability result. It
should also be possible to use estimates or congruence properties of inter-
section numbers instead.

Theorem 3.5.2 (Boldsen [1], Looijenga [12]). For k < % the wvector
space H?*(M,.,,) is freely generated by the set of monomials in the classes

Kly ey Kky¥1, ..., Un of cohomological degree 2k.

We use the local coordinates ¢,to,u>3 from the previous section. Let
i be the lowest degree in z where R is not holomorphic. The non-
holomorphic part is a constant multiple of the block-diagonal matrix with

upper-left block
O t1/2
(= %)

and zeros everywhere else. Let us consider the 1}-coefficient of

1 8 2 8
Qg’l <8t0> lngl - QgJ (at0> ’MQJ

for large g. Its lowest order term in ¢ is up to nonzero factors given by

té\/i(\/TﬂQQ_2+l_l _\/j\/;g_QH_l)
=277 (V" = (VDY)

and therefore not holomorphic in ¢ for even g. By Theorem 3.5.2 this is
impossible.

3.6 Global extension

The local extension Theorem 3.4.1 leaves open the question when a se-
misimple Frobenius manifold can (globally) be extended to a CohFT. In
Section 3.7.2 we will see that the restrictions put on integration constants
of the R-matrices in Lemma 3.4.3 do not always fit together globally.

Conjecture 3.6.1. Let M be an N-dimensional semisimple Frobenius
manifold such that it possesses a holomorphic genus one potential dG.
Then there exists a convergent CohF'T with underlying Frobenius manifold
M.

On the other hand, when the Frobenius manifold is homogeneous such
an extension to a CohFT exists by the following simple argument. There
is a unique homogeneous solution to the flatness equation (8) and by con-
struction it is meromorphic along the discriminant. Since by Lemma 3.4.3
all possible solutions are either holomorphic in the discriminant or are
multivalued, the homogeneous solution has in fact to be holomorphic.
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3.7 Examples

3.7.1 Extending the comparison to non-smooth points on
the discriminant

We want to illustrate how the comparison between relations in the proof
of Theorem 3.3.6 via an identification of coordinates and vector fields, an
R-matrix action and a shift, does not directly extend to give a way to
explicitly write the relations near a singular point of the discriminant in
terms of the As- (3-spin) relations.

Let us consider the comparison between the Az x A; and As singulari-
ties. We will see that already the identification between points and vector
fields behaves badly. This is the simplest example we can consider since
in two dimensions the discriminant locus is a union of parallel lines and
in particular is non-singular.

The Frobenius manifold of the As-singularity z*/4 = 0 is based on the
versal deformation space

4

f(nc) = % + tng + tix + to.

Here to, t1 and t2 are coordinates on the Frobenius manifold. The ring
structure is given by the Milnor ring

Clto, t1, t2][2]/ f' (x),

where x = 8%1. The discriminant of the minimal polynomial f’ of z is
—3275%—2775% and therefore the discriminant locus has a cusp at t; = t2 = 0.
The metric is in the basis {1, z,2?} given by

Therefore the basis {1, z, 2%} is flat up to a determinant one basis change.

We go to a sixfold ramified cover of the Frobenius manifold on which
we can define the critical points (1, (2, (3 of f(x) as holomorphic functions.
Let w1, u2, us be the corresponding critical values. Part of the discriminant
locus is described by the equation {1 = (2. Locally we use ¢ := (1 — (2, (3
and to as new coordinates. Reexpressing in terms of the coordinates gives

G= 3G+ 50,

G = —%@ - %@

=t G- GO+ Lo —

wr = to+ 26— G0t — e — o,
ur —uz = i@@fﬁ,

us =t~ 3¢ + £ 34%
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The idempotents are given by

0 (=)= C) _ P+ (3G + 50w — 3G — 5¢¢
dui (G —¢)(C—C) —3(30+ 592 7
9 (=)@ =G) _ et + (=50 - 30)r— 50 + 5(s¢
Quz (G2 —C¢)(C2—C3) 330 + 502 '
0 _ (@) —¢) T A Grt G- 5¢

dus  (G—C)(G—C) 5¢3 — 102

so that they become after normalization

o® +(=5G + 30)7 — 5¢3 — 56 2 + (=5G — 30)w — 33 + 5(s0

V-3Gs+ 167 V3G + 302

@’ + Qv + 3¢5 — 367
ViG -1

For As x A1, let us assume that us corresponds to the A;-direction
and that the norm of the idempotent in that direction is one. We can
write

2 2
Uy = o — g(*ml)aﬂ, U2 = To + 5(*$1)3/27

where xo and z; are flat coordinates corresponding to to and ¢; in Exam-
ple 2.2.2.
We should therefore identify

! 2\'? 1
b= 2 <§> oRatvary

Let us consider how we identify the As-singularity basis {1, z,2*} and
the flat basis of Ay x Ay via the identification of their normalized idem-
potents. If we write the identity of A2 x A; in terms of {1, z,z%}, the
x?-coefficient is

2 —T + \/—2\/—1'1 + 1
_3 142 3 142 9¢2 _ 12
\/ 2C3¢+ 2¢ \/243¢+ 2¢ \/4(3 4¢
2¢,"° 260 2
V=3ctcep V3l ted  \/9GZ — 47

9\ /3
=—2(2) .
o==2(3)

The coefficient is well-defined on generic points of the part {1 = (2 (¢ =
0) of the discriminant, but when fixing some ¢ # 0 the function has a
singularity at {3 = 0.

where
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3.7.2 Obstructions to extending R-matrices

We want consider the class of two-dimensional Frobenius manifolds with
flat coordinates to, t, flat metric

(0 1
=11 o
9N _, 0
ot) 7 oty

for a holomorphic function f(¢). The corresponding Gromov-Witten po-
tential is

and quantum product

1
—tot + F,
2O+7

where F(t) is a third anti-derivative of f(¢).
The differential equation satisfied by the R-matrix in flat coordinates
can be made explicit:

{R, ((1) g)} +zR+z% (_01 ?) R=0 (18)

We first want to show that for any solution R, the z'-coefficient is not
holomorphic for all f. For this we set

_(1+az 0+40bz 2
R_<O+cz 1+dz)+0(z )-

From (18) in degree z* we obtain

f
b—fc——==0 a=d.
fe— 35 =0
From (18) in degree z2, we see that a = d is an integration constant. We
obtain an interesting differential equation for c:

o foy d B
2 _— = =
fc+fc—|—4f 16,2 0
If we substitute .
oY _5 1
a8
it becomes ) .
S SV
2y f’y + o4f 0.

So 7 is determined up to a multiple of a root of f and in particular, if f has
somewhere a simple zero, there exists at most one solution meromorphic
on all of C2.

If f is linear, v = 0 is clearly a holomorphic solution. If f is quadratic
with non-vanishing discriminant, there is still a holomorphic solution. For
example for

f)=tt+1)
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the solution is
ot " 1
7T 12
In larger degree, we stop having meromorphic solutions. In the example
F(8) = t(#* = 1),
after substituting
t
= f5+ -,
v=Ffotg

we arrive at the differential equation
: 1
(t —1)2t6 + (3t* — 1)d + 3=0

We see that & is meromorphic in ¢ if and only it is so in u := ¢>. In the
new variable the differential equation is

1
du(u —1)6" + (3u — 1) + 3=0
From generic semisimplicity we also know that § has to be holomorphic
except for v = 0 and u = 1. Around v = 0 and u = 1 there are unique
meromorphic solutions

1e=4i+3 ,; 1 ~4i+3 i
- - 171 -
8;041'““’ 62 gl

but these obviously do not agree.

We now want to check that the corresponding genus one potential will
also be singular. For this we look at the case when a = d = 0 and compute
the codimension one part of the reconstructed CohFT on Ml,l with an

9 _insertion. From the trivial graph, we obtain the contribution

ot
-2 <7+%§)¢1+2<vf%§) K1

and in addition we have the contribution

2 f

2 L
T

of the irreducible divisor dg. From

1 1
1/)1 — / K1 = — 60 E—
o o 12 J3z, 4 24

we see that the correlator equals 7, which is not holomorphic on all of the
Frobenius manifold.
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3.8 Other relations from cohomological field the-
ories

For a convergent CohFT depending on additional parameters there are
possibilities to obtain tautological relations from the reconstruction, which
are different from Definition 3.3.1. We want to study here the example of
the equivariant Gromov-Witten theory of a toric variety, which is depen-
dent on equivariant and Novikov parameters.

Let T = (C*)™ and let Hy(pt) = H*(BT) = C[A1,...,An] be the
T-equivariant cohomology ring of a point. Let X be an m-dimensional
smooth, toric variety with a basis {p1,...,pn} of its cohomology, which
we can also lift it to a basis in T-equivariant cohomology. Let f1,..., 8N
be the dual basis in homology. The Novikov ring is a completion of the
semigroup ring of effective classes 8 € H2(X;Z). We use ¢ to denote the
generator corresponding to a § € Ha(X;Z).

A family of N-dimensional CohFTs on the state space H¢«(X) can be
defined by setting

Qgn(oa,...,an) = Zqﬂp* (H evi (o) N [Mgn(X; /B)]Uir) 7
B i=1

where the sum ranges over all effective classes 8 € Ha(X;Z), p is the
projection from the moduli space of stable maps to My, and ev; is
the ith evaluation map. From [9] it follows that the sum over 8 con-
verges in a neighborhood of the origin and that the CohFT induces a
convergent CohFT. Iritani also shows that this convergent CohFT is se-
misimple. We can view its classes as holomorphically varying in the pa-
rameters Ai,..., A and parameters qi,...,qn,; corresponding to a nef
basis of H2(X;Z). There are flat coordinates t1,...,tn, of the Frobenius
manifold corresponding to the Poincaré dual basis of H*(X).

For any choice of A1,...,Am,q1,...,qn, such that the discriminant
does not vanish identically, as before, we can define relations by studying
the behavior of the Givental-Teleman reconstruction near the discrimi-
nant, and we know from Theorem 3.3.6 that these follow from Pixton’s
relations. Now we can however also allow to let the parameters \;, ¢; vary
and there might be additional pole cancellation in the reconstruction for-
mula.® For example there might be terms having poles in the equivariant
parameters. We want to show now that these relations also follow from
Pixton’s relations.

We consider a function f on the space of equivariant and torus pa-
rameters times the Frobenius manifold with values in the strata algebra
Sg,n which is obtained from the reconstruction. We need to show that
the projection f of f to the space of functions with values in Sg.n/Py.n,
the strata algebra divided the ideal of the relations of Pixton, becomes
holomorphic. By Theorem 3.3.6 we know that f is holomorphic for any
fixed values of \; and g; such that the discriminant is not identically zero
on the Frobenius manifold. We can conclude if we can show that the set

5To make this statement precise one needs to know that the R-matrix depends on the
parameters \;, g; also meromorphically. This follows from mirror symmetry [9].
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of such bad A;, ¢; in the space of all parameters is of codimension at least
2.

From the divisor equation it follows that all structure constants and
therefore also the discriminant depend on ¢; and the coordinate ¢; only in
the combination g;e’*. Therefore the locus of bad parameters is a product
L x @Q (intersected with the domain of convergence), where L C C™ and
Q C CM correspond to the \; and ¢; respectively, and where Q is a
product of N; factors which are either {0} or all of C. If at least two
factors of @ are {0}, the bad locus is of codimension at least 2. If there
is exactly one factor of {0}, since the equivariant cohomology, which we
obtain by setting all ¢; to zero, is semisimple, L is of codimension at least
one and we are also done in this case. Finally the case that () has no
factor {0} means that the theory is not semisimple for any choice of ¢;
which clearly contradicts semisimplicity of the non-equivariant theory.
Remark 3.8.1. A similar strategy should also work for toric orbifolds. The
special case of P! with two orbifold points is used in [2].
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